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Foreword

This monograph is devoted to the potential theory of stable stochastic
processes and related topics, such as the subordinate Brownian motions (in-
cluding the relativistic process) and Feynman–Kac semigroups generated by
certain Schrödinger operators.

The stable Lévy processes and related stochastic processes play an impor-
tant role in stochastic modelling in applied sciences, in particular in financial
mathematics, and the theoretical motivation for the study of their fine prop-
erties is also very strong. The potential theory of stable and related processes
naturally extends the theory established in the classical case of the Brownian
motion and the Laplace operator.

The foundations and general setting of probabilistic potential theory were
given by G.A. Hunt [92](1957), R.M. Blumenthal and R.K. Getoor [23](1968),
S.C. Port and J.C. Stone [130](1971). K.L. Chung and Z. Zhao [62](1995) have
studied the potential theory of the Brownian motion and related Schrödinger
operators. The present book focuses on classes of processes that contain the
Brownian motion as a special case. A part of this volume may also be viewed
as a probabilistic counterpart of the book of N.S. Landkof [117](1972).

The main part of Introduction that opens the book is a general presen-
tation of fundamental objects of the potential theory of the isotropic stable
Lévy processes in comparison with those of the Brownian motion (presented
in a subsection). The introduction is accessible to a non-specialist. Also the
chapters that follow should be of interest to a wider audience. A detailed
description of the content of the book is given at the end of Chapter 1.

Some of the material of the book was presented by T. Byczkowski,
T. Kulczycki, M. Ryznar and Z. Vondraček at the Workshop on Stochas-
tic and Harmonic Analysis of Processes with Jumps held at Angers, France,
May 2-9, 2006. The authors are grateful to the organizers and to the main
supporters of the Workshop – the CNRS, the European Network of Harmonic
Analysis HARP and the University of Angers – for this opportunity, which
gave the incentive to write the monograph.

v



vi Foreword

The book was written while Z. Vondraček was visiting the Department of
Mathematics of University of Illinois at Urbana-Champaign. He thanks the
department for the stimulating environment and hospitality. Thanks are also
due to Andreas Kyprianou for several useful comments. The editors thank
T. Luks for critical reading of some parts of the manuscript and for some of
the figures illustrating the text.
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Chapter 1

Introduction

1.1 Bases of Potential Theory of Stable Processes

In 1957, G. A. Hunt introduced and developed the potential theory of Markov
processes in his fundamental treatise [92]. Hunt’s theory is essentially based
on the fact that the integral of the transition probability of a Markov process
defines a potential kernel:

U(x, y) =
∫ ∞

0

p(t, x, y)dt .

One of the important topics in the theory is the study of multiplicative
functionals of the Markov process, corresponding either to Schrödinger per-
turbations of the generator of the process, or to killing the process at
certain stopping times. Among the most influential treatises on this subject
are the monographs [23] by R. M. Blumenthal and R. K. Getoor, [60] by
K. L. Chung, [22] by W. Hansen and J. Bliedtner, and [62] by K. L. Chung
and Z. Zhao.

Harmonic functions of a strong Markov process are defined by the mean
value property with respect to the distribution of the process stopped at the
first exit time of a domain. An important case of such a function is the
potential of a measure not charging the domain, thus yielding no “sources”
to change the expected occupation time of the process.

To produce specific results, however, the general framework of Hunt’s the-
ory requires precise information on the asymptotics of the potential kernel of
the given Markov process. For instance, the process of the Brownian motion
in R

3 is generated by the Laplacian, Δ, and yields the Newtonian kernel,
x �→ c|x − y|−1. Here y is the source or pole of the kernel. When x0 is fixed
and |y| → ∞, we have that, regardless of x, |x− y|−1/|x0 − y|−1 → 1, which
eventually leads to the conclusion that nonnegative functions harmonic on
the whole of R

3 must be constant.
Explicit formulas for the potential kernel are rare. Even the Brownian

motion killed when first exiting a subdomain of R
d in general leads to a

K. Bogdan et al., Potential Analysis of Stable Processes and its Extensions,
Lecture Notes in Mathematics 1980, DOI 10.1007/978-3-642-02141-1 1,
c© Springer-Verlag Berlin Heidelberg 2009
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2 1 Introduction

transition density and potential kernel which are not given by closed-form
formulas, and may be even difficult to estimate.

A primary example of a jump process is the isotropic α-stable Lévy process
in R

d, whose potential kernel is the M. Riesz’ kernel. The analytic theory of
the Riesz kernel, the fractional Laplacian Δα/2, and the corresponding α-
harmonic functions had been well established for a long time (see [133] and
[117]). However, until recently little was known about the boundary behavior
of α-harmonic functions on sub-domains of R

d.
We begin the book by presenting some of the basic objects and results of

the classical (Newtonian) potential theory (α = 2), and Riesz potential the-
ory (0 < α < 2). We have already mentioned the well known but remarkable
fact that the (Newtonian) potential theory of the Laplacian can be inter-
preted and developed by means of the Brownian motion ([71]). An analogous
relationship holds for the (Riesz) potential theory of the fractional Laplacian
and the isotropic α-stable Lévy process. We pursue this relationship in the
following sections. We like to remark that Δα/2 is a primary example of a
nonlocal pseudo differential operator ([97]) and we hope that a part of our
discussion will extend to other nonlocal operators. Apart from its significance
in mathematics, the fractional Laplacian appears in theoretical physics in the
connection to the problem of stability of the matter [118]. Namely, the oper-
ator I − (I −Δ)1/2 corresponds to the kinetic energy of a relativistic particle
and Δ1/2 can be regarded as an approximation to I − (I −Δ)1/2, see, e.g.,
[45], [134].

In what follows, functions and sets are assumed to be Borel measurable.
We will write f ≈ g to indicate that f and g are comparable, i.e. there is a
constant c (a positive real number independent of x), such that c−1f(x) �
g(x) � cf(x). Values of constants may change from place to place, for instance
f(x) � (2c + 1)g(x) = cg(x) should not alarm the reader.

1.1.1 Classical Potential Theory

We consider the Gaussian kernel,

gt(x) =
1

(4πt)d/2
e−|x|2/4t , x ∈ R

d , t > 0 . (1.1)

It is well known that {gt, t � 0} form a convolution semigroup: gs∗gt = gs+t,
where s, t > 0. This property is at the heart of the classical potential theory.
Complicating the notation slightly, we define transition probability

g(s, x, t, A) =
∫

A−x

gt−s(y)dy , s < t , x ∈ R
d , A ⊂ R

d . (1.2)
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The semigroup property of {gt} is equivalent to the following Chapman-
Kolmogorov equation
∫

Rd

g(s, x, u, dz)g(u, z, t, A) = g(s, x, t, A) , s < u < t , x ∈ R
d , A ⊂ R

d .

If d � 3 then we define and calculate the Newtonian kernel,

N(x) =
∫ ∞

0

gt(x)dt = Ad,2|x|2−d , x ∈ R
d .

Here and below

Ad,γ = Γ((d− γ)/2)/(2γπd/2|Γ(γ/2)|) . (1.3)

The semigroup property yields that N ∗ gs(x) =
∫∞

s
gt(x)dt � N(x). Recall

that a function h ∈ C2(D) is called harmonic in an open set D ⊆ R
d if it

satisfies Laplace’s equation,

Δh(x) =
d∑

i=1

∂2h(x)
∂x2

i

= 0 , x ∈ D . (1.4)

It is well known that N is harmonic on R
d \ {0}. Let B(a, r) = {x ∈ R

d :
|x−a| < r}, where a ∈ R

d, r > 0. We also let Br = B(0, r), B = B1 = B(0, 1).
The Poisson kernel of B(a, r) is

P (x, z) =
Γ(d/2)
2πd/2r

r2 − |x− a|2
|x− z|d , x ∈ B(a, r) , z ∈ ∂B(a, r) . (1.5)

It is well known that if h is harmonic in an open set containing the closure
of B(a, r) then

h(x) =
∫

∂B(a,r)

h(z)P (x, z)σ(dz) , x ∈ B(a, r) . (1.6)

Here σ denotes the (d− 1)-dimensional Haussdorff measure on ∂B(a, r). We
like to note that P (x, z) is positive and continuous on B(a, r)×∂B(a, r), and
has the following properties:

∫
∂B(a,r)

P (x, z)σ(dz) = 1 , x ∈ B(a, r) , (1.7)

lim
x→w

∫
∂B(a,r)\B(w,δ)

P (x, z)σ(dz) = 0 , w ∈ ∂B(a, r) , δ > 0 . (1.8)
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It is also well known that for every z ∈ ∂B(a, r), P (·, z) is harmonic in B(a, r),
a property resembling Chapman-Kolmogorov equation if we consider (1.6) for
h(x) = P (x, z0). Consequently, if f ∈ C(∂B(a, r)), then the Poisson integral,

P [f ](x) =
∫

∂B(a,r)

P (x, z) f(z)σ(dz) , x ∈ B(a, r) , (1.9)

solves the Dirichlet problem for B(a, r) and f . Namely, P [f ] extends to
the unique continuous function on B(a, r) ∪ ∂B(a, r), which is harmonic in
B(a, r), and coincides with f on ∂B(a, r), see (1.8). In particular, P [1] ≡ 1,
compare (1.7).

An analogous Martin representation is valid for every nonnegative h har-
monic on B(a, r),

h(x) = P [μ](x) :=
∫

∂B(a,r)

P (x, z)μ(dz) , x ∈ B(a, r) . (1.10)

Here μ � 0 is a unique nonnegative measure on ∂B(a, r). We like to note that
appropriate sections of P [μ] weakly converge to μ ([107]), which reminds us
that in general the boundary values of harmonic functions require handling
with care.

By (1.5) we have that P (x1, z) � (1 + s/r)d(1− s/r)−dP (x2, z) if x1, x2 ∈
B(a, s), s < r, z ∈ ∂B(a, r). As a direct application of (1.10) we obtain the
following Harnack inequality,

c−1h(x1) � h(x2) � c h(x1) , x1, x2 ∈ B(a, s) , (1.11)

provided h is nonnegative harmonic. We see that h is nearly constant (i.e.
comparable with 1) on B(a, s) for s < r. If D is connected, then considering
finite coverings of compact K ⊂ D by overlapping chains of balls, we see
that nonnegative functions h harmonic on D are nearly constant on K, see
Figure 1.1.

K

D

Fig. 1.1 Harnack chain
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Despite its general importance, Harnack inequality is less useful at the
boundary of the domain because the corresponding constant gets inflated for
points close to the boundary. In fact, nonnegative harmonic functions present
a complicated array of asymptotic behaviors at the boundary, see (1.5). To
study the asymptotics, we first concentrate on nonnegative harmonic function
vanishing at a part of the boundary.

The Boundary Harnack Principle (BHP) for classical harmonic functions
delicately depends on the geometric regularity of the domain. To simplify
our discussion we will consider the following Lipschitz condition. Let d � 2.
Recall that Γ : R

d−1 → R is called Lipschitz if there is λ <∞ such that

|Γ(y)− Γ(z)| � λ|z − y| , y, z ∈ R
d−1 . (1.12)

We define (special Lipschitz domain)

DΓ = {x = (x1, . . . , xd) ∈ R
d : xd > Γ(x1, . . . , xd−1)} . (1.13)

A nonempty open D ⊆ R
d is called a Lipschitz domain if for every z ∈ ∂D

there exist r > 0, a Lipschitz function Γ : R
d−1 → R, and an isometry T of

R
d, such that D∩B(z, r) = T (DΓ)∩B(z, r), that is, if D is locally isometric

with a set “above” the graph of a Lipschitz function.

Theorem 1.1 (Boundary Harnack Principle). Let D be a connected
Lipschitz domain. Let U ⊂ R

d be open and let K ⊂ U be compact. There
exists C < ∞ such that for every (nonzero) functions u, v � 0, which are
harmonic in D and vanish continuously on Dc ∩ U , we have

C−1 u(y)
v(y)

� u(x)
v(x)

� C
u(y)
v(y)

, x, y ∈ K ∩D . (1.14)

Thus, the ratio u/v is nearly constant on D ∩ K. Furthermore, under the
above assumptions,

lim
x→z

u(x)
v(x)

exists as x→ z ∈ ∂D ∩K , (1.15)

see Figure 1.2.
The theorem is crucial in the study of asymptotics and structure of general

nonnegative harmonic functions in Lipschitz domains. The proof of BHP for
classical harmonic functions in Lipschitz domains was independently given
by B. Dahlberg(1977), A. Ancona(1978) and J.-M. Wu(1978), and (1.15) was
published by D. Jerison and C. Kenig in 1982.

We now return to {gt}, and the resulting transition probability g. By
Wiener’s theorem there are probability measures P x, x ∈ R

d, on the space
of all continuous functions (paths) [0,∞) 
 t �→ X(t) ∈ R

d, such that
P x0(X(0) = x0) = 1 and P x0(Xt ∈ A|Xs = x) = g(s, x, t, A) = P x(Xt−s ∈
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Fig. 1.2 The setup of
BHP

K

U

D

y

x

A), for x0, x ∈ R
d, 0 � s < t, A ⊂ R

d. Recall that the construction of the
distribution of the process from a transition probability on this path space
requires certain continuity properties of the transition probability in time.
Here we have limt→0 gt(x)/t = 0 (x �= 0), which eventually allows the paths
to be continuous by Kolmogorov’s test or by Kinney-Dynkin theorem, see
[135]. Thus, Xt is continuous. Denote X = (Xt) = (X1

t , . . . , Xd
t ), and let Ex

be the integration with respect to P x. We have E0Xi
t = 0, E0(Xi

t)
2 = 2t.

Thus, Xt = B2t, where Bt is the usual Brownian motion with variance of
each coordinate equal to t.

By the construction, Exf(Xt) =
∫

Rd f(y)g(0, x, t, dy) =
∫

Rd f(y)gt(y −
x)dy for x ∈ R

d, t > 0, and nonnegative or integrable f . For a (Borel) set
A ⊂ R

d by Fubini-Tonelli theorem,

Ex

∫ ∞

0

1A(Xt)dt =
∫

A

N(y − x)dy , x ∈ R
d .

Therefore N(·−x) may be interpreted as the density function of (the measure
of) the expected occupation time of the process, when started at x.

So far we have only considered X evaluated at constant (deterministic)
times t. For an open D ⊆ R

d we now define the first exit time from D,

τD = inf{t > 0 : Xt �∈ D} .

By the usual convention, inf ∅ = ∞. τD is a Markov (stopping) time. A
function h defined and Borel measurable on R

d is harmonic on D if for every
open bounded set U such that U ⊆ D (denoted U ⊂⊂ D) we have

h(x) = Exh(XτU
) , x ∈ U . (1.16)
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We assume here the absolute convergence of the integral. Since the P x-
distribution of XτB(x,r) is the normalized surface measure on the sphere
∂B(x, r), the equality (1.16) reads as follows:

h(x) =
∫

∂B(x,r)

h(y)P (0, y − x)σ(dy) ,

if x ∈ U = B(a, r), see (1.5) and (1.6). Thus, (1.16) agrees with the classical
definition of harmonicity.

The above definitions may and will be extended below to other strong
Markov processes, and (1.16) may be referred to as the “averaging property”
or “mean value property”.

We should note that (for the Brownian motion) the values of h on Dc are
irrelevant in (1.16) because XτU

∈ ∂U ⊂ D in (1.16). For the isotropic stable
Lévy process, which we will discuss below, the support of the distribution
of the process stopped at the first exit time of a domain is typically the
whole complement of the domain. Indeed, as time (t) advances, the paths
of the process may leave the domain either by continuously approaching the
boundary or by a direct jump to the complement of the domain. In particular,
a harmonic function should generally be defined on the whole of R

d. It is of
considerable importance to classify nonnegative harmonic functions of the
process according to these two scenarios, see the concluding remarks in [38].

To indicate the role of the strong Markov property, we consider a nonneg-
ative function h̃ on Dc and we let h(x) = Exh̃(XτD

), x ∈ D. We will regard
h̃ on Dc as the boundary/external values of h, as appropriate for general
processes with jumps. It will be convenient to write h(x) for h̃(x) if x ∈ Dc.
Let x ∈ U ⊂⊂ D. We have

Exh(XτU
) = ExEXτU h(XτD

) = Exh(XτD
) = h(x) .

In particular we see that h is harmonic on U . The above essentially also proves
that {h(XτU

)} is a martingale ordered by the inclusion of (open relatively
compact) subsets U of D, with respect to every P x, x ∈ D. Closability of
such martingales is of some interest in this theory [27, 38], and relates to
the existence of boundary values of harmonic functions. For instance the
martingales given by Poisson integrals (1.10) are not closable for singular
measures μ on ∂B(a, r).

1.1.2 Potential Theory of the Riesz Kernel

We will introduce the principal object of this book, namely the isotropic
(rotation invariant) α-stable Lévy process. We will construct the transition
density of the process by using convolution semigroups of measures. For a
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measure γ on R
d, we let |γ| denote its total mass. For a function f we let

γ(f) =
∫

fdγ, whenever the integral makes sense. When |γ| < ∞ and n =
1, 2, . . . we let γn = γ ∗ . . . ∗ γ (n times) denote the n-fold convolution of γ
with itself:

γn(f) =
∫

f(x1 + x2 + · · ·+ xn)γ(dx1)γ(dx2) . . . γ(dxn) .

We also let γ0 = δ0, the evaluation at 0. If γ is finite on R
d then we define

P γ
t = exp t(γ − |γ|δ0) :=

∞∑
n=0

tn (γ − |γ|δ0)
n

n!
(1.17)

= (exp −t|γ|δ0) ∗ exp tγ = e−t|γ|
∞∑

n=0

tnγn

n!
, t ∈ R . (1.18)

By (1.18) each P γ
t is a probability measure, provided γ � 0 and t � 0, which

we will assume in what follows. By (1.17), P γ
t form a convolution semigroup,

P γ
t ∗ P γ

s = P γ
s+t , s, t � 0 .

Furthermore, for two such measures γ1, γ2, we have

P γ1
t ∗ P γ2

t = P γ1+γ2
t , t > 0 .

By (1.17),
lim
t→0

(P γ
t − δ0)/t = γ − |γ|δ0 . (1.19)

In the following discussion for simplicity we will also assume that γ has
bounded support and that γ is symmetric: γ(−A) = γ(A), A ⊂ R

d. The
reader may want to verify that

∫
Rd

|y|2P γ
t (dy) = t

∫
Rd

|y|2γ(dy) < ∞ , t � 0 . (1.20)

As a hint we note that only the third term in (1.17) contributes to (1.20).
In particular,

P γ
t (B(0, R)c) � t

∫
Rd

|y|2γ(dy)/R2 → 0 as R →∞ . (1.21)

We define
ν(B) = Ad,−α

∫
B

|z|−d−αdz , B ⊂ R
d . (1.22)
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It is a Lévy measure, i.e. a nonnegative measure on R
d \ {0} satisfying

∫
Rd

min(|y|2, 1) ν(dy) <∞ . (1.23)

We also note that ν is symmetric. We consider the following operator, the
fractional Laplacian,

Δα/2u(x) = Ad,−α lim
ε→0+

∫
{y∈Rd: |y−x|>ε}

u(y)− u(x)
|y − x|d+α

dy . (1.24)

The limit exists if, say, u is C2 near x and bounded on R
d. The claim follows

from Taylor expansion of u at x, with remainder of order two, and by the
symmetry of ν. We like to note that A = Δα/2 satisfies the positive maximum
principle: for every ϕ ∈ C∞

c (Rd)

sup
y∈Rd

ϕ(y) = ϕ(x) � 0 implies Aϕ(x) � 0 .

The most general operators on C∞
c (Rd) which have this property are of the

form

Aϕ(x) =
d∑

i,j=1

aij(x)Dxi
Dxj

ϕ(x) + b(x)∇ϕ(x) + q(x)ϕ(x)

+
∫

Rd

(
ϕ(x + y)− ϕ(x)− y∇ϕ(x) 1|y|<1

)
μ(x, dy) . (1.25)

Here y∇ϕ is the scalar product of y and the gradient of ϕ, and for every
x, a(x) = (aij(x))n

i,j=1 is a real nonnegative definite symmetric matrix, the
vector b(x) = (bi(x))d

i=1 has real coordinates, q(x) � 0, and μ(x, ·) is a Lévy
measure. The description is due to Courrège, see [90, Proposition 2.10], [151,
Chapter 2] or [97, Chapter 4.5]. For translation invariant operators of this
type, a, b, q, and μ are independent of x. For Δα/2 we further have a = 0,
b = 0, q = 0 and μ = ν.

For r > 0 and a function ϕ on R
d we consider its dilation ϕr(y) = ϕ(y/r),

and we note that ν(ϕr) = r−αν(ϕ). In particular, ν is homogeneous: ν(rB) =
r−αν(B), B ⊂ R

d. Similarly, if ϕ ∈ C∞
c (Rd), then Δα/2(ϕr) = r−α(Δα/2ϕ)r.

We will consider approximations of ν and Δα/2 suggested by (1.24). For
0 < δ � ε �∞ we define measures νδ,ε(f) =

∫
δ≤|y|<ε

f(y)ν(dy). We have

P
νδ,∞
t − P

νε,∞
t = P

νε,∞
t ∗

(
P

νδ,ε

t − δ0

)
. (1.26)

When ε → 0, the above converges (uniformly in δ) to 0 on each C∞
c function

with compact support. This claim follows from Taylor expansion with the
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quadratic remainder, (1.20) applied to γ = νδ,ε, (1.23), and the fact that
P

νε,∞
t are probabilities, hence uniformly finite.
If φ is a bounded continuous function on R

d, η > 0, and 0 < R < ∞, then
there is ϕ ∈ C∞

c such that |φ− ϕ| < η on B(0, R). We have

|
(
P

νδ,∞
t − P

νε,∞
t

)
(φ)| � |

(
P

νδ,∞
t − P

νε,∞
t

)
(ϕ)|+ 2η

+
[
P

ν1,∞
t ∗ P

νδ,1
t (B(0, R)c)

+ P
ν1,∞
t ∗ P

νε,1
t (B(0, R)c)

]
sup |φ− ϕ| .

By inspecting (1.21) we see that the measures P
νε,∞
t weakly converge to a

probability measure, say Pt, as ε → 0, and so {Pt, t � 0} is a convolution
semigroup, too. We also note that Pt/t weakly converges to ν on (closed
subsets of) R

d \ {0}. This follows from the approximation of Pt by P
νε,∞
t ,

and (1.19).
The Fourier transform of P ε

t is easily calculated from (1.17),

̂P
νε,∞
t (u) =

∫
Rd

eiuyP
νε,∞
t (dy) = exp

(
t

∫
Rd

(eiuy − 1)νε,∞(dy)
)

, u ∈ R
d ,

(1.27)
hence P̂t(u) = exp(tΦ(u)), where

Φ(u) =
∫

Rd

(
eiuy − 1− iuy1B(0,1)(y)

)
ν(dy)

=
∫

Rd

(cos(uy)−1) ν(dy) = − π

2 sin πα
2 Γ(1+α)

∫
|ξ|=1

|uξ|ασ(dξ) = −c|u|α.

(1.28)

In fact, c = 1 here, and Φ(u) = −|u|α as we shall see momentarily.
For t > 0, the measures Pt have rapidly decreasing Fourier transform hence

they are absolutely continuous with bounded smooth densities, pt(x), given
by the Fourier inversion formula:

pt(x) = (2π)−d

∫
Rd

eixu e−t|u|α du . (1.29)

Explicit formulas for the pt do not exist except for α = 1,

pt(x) =
Γ
(

d+1
2

)
π

d+1
2

t

(t2 + |x|2) d+1
2

,

and α = 2, which corresponds to the Brownian motion and is excluded from
our present considerations. Clearly, ps ∗pt(x) = ps+t(x), s, t > 0. From (1.28)
we obtain the scaling property:

pt(x) = t−d/αp1(t−1/αx) , x ∈ R
d , t > 0 . (1.30)
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In particular,
pt(x) � ct−d/α . (1.31)

We define the potential kernel (M. Riesz kernel) of the convolution semigroup
of functions {pt}:

Kα(x) =
∫ ∞

0

pt(x)dt , x ∈ R
d . (1.32)

When d > α, we have that Kα(x) is finite for x �= 0, see (1.31). By (1.30),

Kα(x) = Ad,α|x|α−d . (1.33)

The explicit constant here and in (1.28) may be obtained by a calculation
involving Bessel functions, but it is easier to employ the Laplace transform to
this end (see below). Since Kα ≡ ∞ if α � d, and cumbersome modifications
are needed in this case, the dimension d = 1 is explicitly excluded from
our considerations. We refer to [41] for more information and references on
the case d = 1. Unless stated otherwise in the remainder of this chapter we
assume that d � 2.

We construct the standard isotropic α-stable Lévy process (Yt, P
x) in R

d

by specifying the following density function of its transition probability:

p(s, x, t, y) := pt−s(y − x) , x, y ∈ R
d , s < t ,

and stipulating that P x(Y (0) = x) = 1. This is completely analogous to the
construction of the Brownian motion, except for the fact that the distribution
of the process is eventually concentrated on right continuous paths with left
limits (rather than on continuous paths). The latter follows from the Kinney-
Dynkin theorem and the fact that Pt/t converges to ν �= 0. In fact Yt has
discontinuities of the first kind, that is jumps (by z), occurring in time (t) with
intensity ν(dz)dt ([135]), see Figure 1.3. The term standard above involves
certain technical measure-theoretic and topological assumptions, involving
the right continuity and left-limitedness of the paths t �→ Yt as mentioned
above, and the so called quasi-left continuity, see, e.g., [18], [23] for more
details. The process (Yt, P

x) is Markov on R
d with transition probabilities

P x0(Yt ∈ A|Ys = x) =
∫

A
p(s, x, t, y)dy, for x0, x ∈ R

d, 0 � s < t, A ⊂ R
d;

and initial distribution is specified by P x0(Y (0) = x0) = 1. It is also well-
known that (Yt, P

x) is strong Markov with respect to the so-called standard
filtration ([23]). As usual, P x, Ex denote the distribution and expectation
for the process starting from x. We note that by the symmetry of (ν and) Pt,
Exf(Yt) = E0f(x + Yt) =

∫
Rd f(x + y)Pt(dy) = f ∗ pt(x) and

̂(f ∗ pt)(ξ) = f̂(ξ)e−t|ξ|α . (1.34)
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Fig. 1.3 Subordination: trajectories of the α/2-stable subordinator, the Brownian
motion, and the α-stable Lévy process in R

The (semigroup of the) process Yt has Δα/2 as the infinitesimal generator
([156, 97]). Indeed, by using (1.19) and (1.26) we have that

Δα/2u(x) = lim
t↓0

Exu(Yt)− u(x)
t

(1.35)

= Ad,−α lim
ε→0+

∫
{y∈Rd: |y−x|>ε}

u(y)−u(x)
|y−x|d+α

dy, x ∈ R
d , u ∈ C∞

c (Rd) .

The result can also be obtained by using Fourier inversion formula and (1.34)
([90, 97]). To justify the notation Δα/2, we note that the Fourier symbol of
Δα/2, and the Fourier symbol of the Laplacian regarded as convolution-type
(i.e. translation invariant) operators satisfy the equation

̂−Δα/2(ξ) = |ξ|α =
(
(̂−Δ)(ξ)

)α/2

, (1.36)

compare (1.35), (1.34).
We will briefly recall an alternative method of constructing pt (and Xt)

by subordination of the Gaussian kernel (and the Brownian motion, respec-
tively). For β ∈ (0, 1) we denote by {ηβ

t } the standard β-stable subordinator,
i.e. the nondecreasing Lévy process on the line starting at 0, and determined
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by the Laplace transform

Ee−uηβ
t = e−tuβ

, t � 0 , u > 0 . (1.37)

Here E is the expectation corresponding to ηβ . Let hβ(t, y) denote the tran-
sition density of the process, for t > 0. The function can be obtained either
from Haussdorff-Bernstein-Widder theorem on completely monotone func-
tions and (1.37), or from an explicit construction based on (1.17), which
gives (1.37) from the following Lévy measure on R:

1{y>0}
β

Γ(1− β)
y−1−βdy ,

see also [86] for precise asymptotics of the function. The potential kernel of
the subordinator is

∫ ∞

0

hβ(t, y) dt =
yβ−1

Γ(β)
, y > 0 , (1.38)

which is verified by applying the Laplace transform to each side of (1.38),
and by using (1.37). By (1.38) and Fubini’s theorem,

E
∫ ∞

0

f(ηβ
t ) dt =

1
Γ(β)

∫ ∞

0

yβ−1f(y) dy . (1.39)

We consider β = α/2 ∈ (0, 1). Let {Xt} be the Brownian motion and assume
that X and ηα/2 are stochastically independent.

We may now define

pt(x) =
∫ ∞

0

gu(x)hα/2(t, u)du ,

and
Yt = X

η
α/2
t

.

Let P x, Ex denote the resulting (i.e. product) probability measure, and the
corresponding expectation. Here the Brownian motion (hence also Y ) starts
from x ∈ R

d. We will write E = E0 and we denote by Ẽ the expectation for
the Brownian motion starting at 0. In view of the independence of X and
ηα/2 we have

EeiYtξ = EẼ exp
[
iX

η
α/2
t

ξ
]

= Ee−η
α/2
t |ξ|2 = e−t(|ξ|2)α/2

= e−t|ξ|α , (1.40)

compare (1.28). We can also identify the constant in the definition of the
Riesz kernel (1.33), that is prove that for α < d the potential operator of Y
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has Kα as the (convolutional) kernel,

Uαf(x) = Ex

∫ ∞

0

f(Yt) dt = Ad,α

∫
Rd

|y − x|α−df(y) dy . (1.41)

Indeed, by subordination and (1.38) we have

Ex

∫ ∞

0

f(X
η

α/2
t

) dt=
∫ ∞

0

Ef(x + X
η

α/2
t

) dt

=
∫

Rd

∫ ∞

0

∫ ∞

0

f(x + y) gu(y)hα/2(t, u) du dy dt

=
∫

Rd

f(x+y)
∫ ∞

0

{∫ ∞

0

hα/2(t, u) dt

}
(4πu)−d/2e−|y|2/4u du dy

=
1

2dπd/2Γ(α/2)

∫
Rd

f(z)
∫ ∞

0

uα/2−d/2−1e−|z−x|2/4u du dz

=Ad,α

∫
Rd

f(z)
|z − x|d−α

dz = f ∗Kα(x) ,

compare (1.3). The Fourier symbol of the operator of convolution with Kα

is |ξ|−α.
In order to effectively study the potential theory of Y on domains D ⊂ R

d,
we need explicit formulas, or at least estimates for the potential kernel of the
process killed at the first instant of leaving D, that is for the Green function
for the fractional Laplacian on D.

1.1.3 Green Function and Poisson Kernel of Δα/2

The Green function and the harmonic measure of the fractional Laplacian
are defined in [117, Theorem IV.4.16, pp. 229, 240], see also [25], [22, pp. 191,
250, 384], [109], and [129], [41] for the case of dimension one. We will briefly
recall the construction. The finite Green function GD(x, y) of D, if it exists
(e.g., if d > α or D is bounded), is bound to satisfy

∫
Rd

GD(x, v)Δα/2ϕ(v)dv = −ϕ(x) , x ∈ R
d , ϕ ∈ C∞

c (D) . (1.42)

For instance, if d > α then (1.42) holds for D = R
d and the Riesz kernel:

GRd(x, y) = Kα(y − x) , x, y ∈ R
d , (1.43)

as follows from the inspection of their Fourier symbols, see [117, (1.1.12’)],
or from the approximation (1.17). Thus, GD is the integral kernel of the
inverse of −Δα/2 on C∞

c (D). We like to remark that within the framework
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of the theory of fractional powers of nonnegative operators, the preferred
notation for Δα/2 is −(−Δ)α/2 (and so GD =

(
−(−(−Δ)α/2)

)−1
). In the

following discussion we will stick to our previous (shorter) notation, and we
will keep assuming that d � 2, in particular d > α. Within this setup, ωx

D,
the harmonic measure of D, is defined as the unique ([117, p. 245], [41])
subprobability measure (probability measure if D is bounded) concentrated
on Dc such that

∫
Rd GRd(z, y)ωx

D(dz) � GRd(x, y) for all y ∈ R
d, and

∫
Rd

GRd(z, y)ωx
D(dz) = GRd(x, y) (1.44)

for y ∈ Dc (except at points of ∂D irregular for the Dirichlet problem on D,
see [117], [23]).

Given ωD, the Green function can be defined pointwise as

GD(x, y) = GRd(x, y)−
∫

Dc

GRd(z, y)ωx
D(dz) . (1.45)

More generally, we have

GD(x, v) = GU (x, v)+
∫

Rd

GD(w, v)ωx
U (dw) , x, v ∈ R

d , if U ⊂ D . (1.46)

As seen in [38], (1.46) is the origin of the notion of harmonicity. In particular,
x �→ GD(x, y) is α-harmonic on D \ {y}. The symmetry of GRd(x, y) =
Kα(y − x) = GRd(y, x) implies that GD(x, v) = GD(v, x) for x, v ∈ R

d ([117,
p. 285]), which is related to Hunt’s switching equality [23], and eventually
dates back to George Green’s work on potential of electric fields. We recall
that the harmonic measure is the P x-distribution of YτD

, the process stopped
at the first instance of leaving D,

∫
f(y)ωx(dy) = Exf(YτD

) , x ∈ R
d ,

and the Green function is the density function of the integral kernel of the
Green operator,

Ex

∫ τD

0

f(Yt)dt =
∫

Rd

f(y)GD(x, y)dy =: GDf(x) , x ∈ R
d .

Indeed, these statements result from the following application of the strong
Markov property,

GRdf(x) = Ex

∫ ∞

0

f(Yt)dt = Ex

∫ τD

0

f(Yt)dt

+Ex

∫ ∞

τD

f(Yt)dt = GDf(x) + ExGRdf(YτD
) .
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Fig. 1.4 Trajectory of the stable process leaving the unit disc on the plane, α = 1.8

see (1.41, 1.43, 1.44, 1.45) and Figure 1.4.
We can interpret y �→ GD(x, y) as the density function of the expected

time spent at y by the process Y started at x, before it exits D for the first
time.

Using (1.42), (1.46), and Fubini’s theorem we obtain

∫
D

GD(x, v)Δα/2ϕ(v)dv =
∫

Dc

[ϕ(y)−ϕ(x)]ωx
D(dy) , x ∈ R

d , ϕ ∈ C∞
c (Rd).

(1.47)
We define the expected first exit time of D (by Y ),

sD(x) = ExτD =
∫

Rd

GD(x, v)dv , x ∈ R
d , (1.48)

and the Poisson kernel of D:

PD(x, y) =
∫

D

GD(x, v)Ad,−α|y − v|−d−α dv , x ∈ R
d , y ∈ Dc . (1.49)
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Consider (open) U ⊂ D. By integrating (1.46) against the Lebesgue measure
we obtain

sD(x) = sU (x) +
∫

Rd

sD(y)ωx
U (dy) , x ∈ R

d , U ⊂ D . (1.50)

Integrating (1.46) against Ad,−α|y − v|−d−α dv on R
d, we get

PD(x, y) = PU (x, y) +
∫

PD(z, y)ωx
U (dz) , x ∈ U, y ∈ Dc. (1.51)

The reader may attempt interpreting (1.51) as harmonicity of PD(x, y) + δy,
see [38]. By considering ϕ approximating 1A for open A ⊂ Dc in (1.47), and
by (1.24) and Fubini’s theorem we arrive at the Ikeda-Watanabe formula
([95]):

ωx
D(A) =

∫
A

PD(x, y)dy , x ∈ D . (1.52)

We can interpret (1.49), and (1.52), as follows. Jumping from v ∈ D to
y ∈ Dc happens over time with intensity Ad,−α|y − v|−d−α. The intensity
is integrated against the occupation time measure, GD(x, v)dv, thus giving
PD(x, y).

For a large class of domains (but not for all domains) ωx
D(∂D) = 0 for

every x ∈ D, so that

ωx
D(dy) = PD(x, y)dy on Dc . (1.53)

In particular, (1.53) holds for domains with the outer cone property (a class
of open sets containing finite intersections of bounded Lipschitz domains).
This is proved by noting that P x(YτBx

∈ Dc) is bounded away from 0 for
x ∈ D and Bx = B(x, 1

2dist(x,Dc)), see the formula (1.57) below. Thus the
process Y started at x will leave D by a jump (from within Bx) with a positive
probability. If YτBx

jumps to D \Bx, then this reasoning can be repeated by
the strong Markov property. Since leaving D continuously requires an infinite
number of such jumps (from balls Bx to D\Bx), the probability of continuous
approach to the boundary is zero, see [27], [152], [154]. Below we will use the
observation for the intersection of a given Lipschitz domain with a ball, see
Figure 2.1.

We note in passing that (1.47) and (1.53) yield the following decomposition
of each ϕ ∈ C∞

c (Rd) into a sum of a Green potential and Poisson integral,

ϕ(x) =
∫

D

GD(x, v)
[
−Δα/2ϕ(v)

]
dv +

∫
Dc

PD(x, y)ϕ(y)dy , x ∈ D ,

(1.54)

where we assumed that D is bounded, hence ωx
D(Rd) = 1. One can interpret

the two integrals as resulting from “sources” within D, and jumps between



18 1 Introduction

D and Dc (“tunneling” from sources outside of D). For general domains D
the picture is somewhat complicated by an additional term related to the
continuous approach of Yt to ∂D at t = τD, see [38] and [125] for details.

The Green function of the ball is known explicitly:

GBr
(x, v) = Bd,α |x− v|α−d

∫ w

0

sα/2−1

(s + 1)d/2
ds , x, v ∈ Br , (1.55)

where
w = (r2 − |x|2)(r2 − |v|2)/|x− v|2

and Bd,α = Γ(d/2)/(2απd/2[Γ(α/2)]2), see [25], [133].
Also ([78], [33], [43]),

sBr
(x) =

Cd
α

Ad,−α
(r2 − |x|2)α/2 , |x| � r , (1.56)

and

PBr
(x, y) = Cd

α

(
r2 − |x|2
|y|2 − r2

)α/2 1
|x− y|d , |x| < r , |y| > r , (1.57)

where Cd
α = π1+d/2Γ(d/2) sin(πα/2), see Figures 1.5 and 1.6.
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Fig. 1.5 Green function of (−1, 1)
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Fig. 1.6 Poisson kernel of (−1, 1)

The formulas (1.55) and (1.57) are essentially due to Marcel Riesz and date
back to 1938 ([133]). They were completed and interpreted in the present
framework by R. Blumenthal, R. Getoor and D. Ray in 1961 ([25]). The
proof of (1.55) and (1.57) consists of verification of (1.44) for ωx

Br
(dy) =

1Bc
r
(y)Pr(x, y)dy. This is a rather involved procedure, aided by the use of

the inversion, Tx = |x|−2x, where x ∈ R
d \ {0}. We refer to [25], [117] and

[133] for details of the calculation. The explanation of the role of the inversion
(and the corresponding Kelvin transform) in obtaining the Poisson kernel of
the ball, along with the interpretation of the inversion in terms of the process
Y are given in [41]. For instance ([41]),

GTD(x, y) = |x|α−d|y|α−dGD(Tx, Ty) . (1.58)

Here TD = {Tx : x ∈ D}. We encourage the reader to verify (1.58) for
D = R

d.
Results similar to (1.55) and (1.57) exist for the complement of the ball

and for half-spaces. In fact they can be obtained from (1.55) and (1.57) by
using (1.58). For half-spaces a different proof of (1.55) and (1.57) (i.e. one not
using the Kelvin transform) was obtained recently as a consequence of the
corresponding results for the relativistic process in [44]. The formula (1.56)
was first given in [78], see also [33]. For clarity, we need to emphasize that the
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distribution of YτB(x,r), given by (1.57), is concentrated on {y : |y − x| > r},
hence with probability one the first exit of Y from B(x, r) is by a jump.

Apart from inversion, scaling is extremely helpful in the potential the-
ory of the stable Lévy process. Let r > 0. Recall that ν(rA) = r−αν(A),
Δα/2ϕr(x) = r−αΔα/2ϕ(x/r), Kα(rx) = rα−dKα(x). By the definition and
uniqueness of the Green function and the harmonic measure we see that

ωrx
rD(rA) = ωx

D(A) , (1.59)

and
GrD(rx, rv) = rα−dGD(x, v) , (1.60)

hence
srD(rx) = rαsD(x) , (1.61)

and
PrD(rx, ry) = r−dPD(x, y) . (1.62)

Translation invariance and rotation invariance are equally important but
easier to observe. For example GD+y(x+ y, v + y) = GD(x, v). Together with
scaling and inversion the properties help reduce many of our considerations
to the setting of the unit ball centered at the origin.

A function u defined (and Borel measurable) on R
d is called α-harmonic

in an (open) set D if it is harmonic on D for the isotropic α-stable Lévy
process Y : for every open bounded set U such that U ⊆ D we have

u(x) = Exu(YτU
) , x ∈ U . (1.63)

We assume here absolute convergence of the integral.
A counterpart of Weyl’s lemma holds ([32]) for α-harmonic functions: u is

α-harmonic in D if and only if u is C2 on D, and

Δα/2u(x) = 0 , x ∈ D . (1.64)

We note that for this condition to hold, u must be defined on the whole of R
d,

and its values on Dc are crucial for this property. This reflects the fact that
Δα/2 is a non-local operator allowing for a direct influence between distant
points x and y in the domain of u, see (1.24). In particular, the following
integrability assumption holds for α-harmonic function u:

∫
Rd

|u(y)|
(1 + |y|)d+α

dy < ∞ .

We may also define Δα/2 in a weak (distributional) sense. This allows to con-
sider Δα/2 and (Schrödinger operators) Δα/2φ+ qφ as defined locally, i.e. on
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arbitrary open sets (in the sense of the L. Schwartz’ theory of distributions),
even for discontinuous q which do not have well-defined pointwise values (see
below). In this connection we like to mention the following observation: if u is
α-harmonic on open U1 and u is α-harmonic on open U2 then u is α-harmonic
on U1 ∪ U2. This fact is trivial according to (1.64). It can also be proved by
using the probabilistic definition of α-harmonicity (1.63), but such proof is no
longer trivial ([33]). This points out a local aspect of the otherwise non-local
property of α-harmonicity (the reader interested in more details may consult
[32] and [33]). In the remainder of this survey we will not employ the weak
fractional Laplacian (we refer the interested reader to [32] for details of this
approach to Schrödinger operators). We will use a probabilistic methodology
based on the so-called multiplicative functionals and Green functions, rather
than on infinitesimal generators; and we refer the interested reader to [33] for
more.

If u is α-harmonic in a domain containing B(0, r) then

u(x) = Cd
α

∫
|y|>r

[
r2 − |x|2
|y|2 − r2

]α/2

|y − x|−du(y)dy , x ∈ B(0, r) . (1.65)

We see that such u is C∞ on B(0, r). For nonnegative u we also obtain
Harnack inequality. The next two propositions are versions of it.

Proposition 1.2. If u � 0 on R
d and u is α-harmonic on D ⊃ Bρ ⊃ Br 


x1, x2, then

u(x1) �
(

1 + r/ρ

1− r/ρ

)d

u(x2) . (1.66)

Proof. If r � s < ρ then by (1.57) we have PBs
(x1, z) � (1 + r/s)d(1 −

r/s)−dPBs
(x2, z) for |z| � s. Using (1.65) (for B(0, s))), and letting s → ρ,

we prove the result. ��

Proposition 1.3. If x1, x2 ∈ D then there is cx1,x2 such that for every λ � 0

u(x1) � cx1,x2u(x2) . (1.67)

Proof. If x1, x2 ∈ Br ⊂ B2r ⊂ D for some r > 0 then we are done by
Lemma 1.2 with c = cx1,x2 depending only on d. Assume that B(x1, 2r) ⊂ D,
B(x2, 2r) ⊂ D, B(x1, 2r)∩B(x2, 2r) = ∅ for some r > 0, and consider (1.63)
with U = B(x1, r). Let y ∈ Dc. By (1.65) and the first part of the proof we
obtain u(x1) � c

∫
B(x2,r)

u(x2)PBr
(0, x− x1)dx = cu(x2). ��

If K ⊂ D is compact and x1, x2 ∈ K then cx1,x2 in Harnack’s inequality
above may be so chosen to depend only on K, D, and α, because r in the
above proof may be chosen independently of x1, x2. Note that D and K may
be disconnected. This shows a certain advantage of the fact that Y has jumps.
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1.1.4 Subordinate Brownian Motions

The rotationally invariant α–stable processes are obtained from the Brownian
motion by a subordination procedure.

Let X = (X(u) : u ≥ 0) be a d-dimensional Brownian motion. Subor-
dination of Brownian motion consists of time-changing the paths of X by
an independent subordinator. To be more precise, let S = (St : t ≥ 0) be
a subordinator (i.e., a nonnegative, increasing Lévy process) independent of
X. The process Y = (Yt : t ≥ 0) defined by Yt = X(St) is called a sub-
ordinate Brownian motion. The process Y is an example of a rotationally
invariant d-dimensional Lévy process. A general Lévy process in R

d is com-
pletely characterized by its characteristic triple (b, A, π), where b ∈ R

d, A is
a nonnegative definite d×d matrix, and π is a measure on R

d \{0} satisfying∫
(1∧|x|2)π(dx) <∞, called the Lévy measure of the process. Its characteris-

tic exponent Φ, defined by E[exp{i〈x, Yt〉}] = exp{−tΦ(x)}, x ∈ R
d, is given

by the Lévy-Khintchine formula involving the characteristic triple (b, A, π).
The main difficulty in studying general Lévy processes stems from the fact
that the Lévy measure π can be quite complicated.

The situation simplifies immensely in the case of subordinate Brownian
motions. If we take the Brownian motion X as given, then Y is completely
determined by the subordinator S. Hence, one can deduce properties of Y
from properties of the subordinator S. On the analytic level this translates
to the following: Let φ denote the Laplace exponent of the subordinator S.
That is, E[exp{−λSt}] = exp{−tφ(λ)}, λ > 0. Then the characteristic ex-
ponent Φ of the subordinate Brownian motion Y takes on the very simple
form Φ(x) = φ(|x|2) (our Brownian motion X runs at twice the usual speed).
Hence, properties of Y should follow from properties of the Laplace exponent
φ. This will be one of main themes of these lecture notes – we will study
potential-theoretic properties of Y by using information given by φ. Results
obtained by this approach include explicit formulas for the Green function of
Y and the Lévy measure of Y . Let p(t, x, y), x, y ∈ R

d, t > 0, denote the tran-
sition densities of the Brownian motion X, and let μ, respectively U , denote
the Lévy measure, respectively the potential measure, of the subordinator S.
Then the Lévy measure π of Y is given by π(dx) = J(x) dx, where

J(x) =
∫ ∞

0

p(t, 0, x)μ(dt) ,

while the Green function G(x, y), x, y ∈ R
d, of Y is given by

G(x, y) =
∫ ∞

0

p(t, x, y)U(dt) .

Let us consider the second formula (same reasoning also applies to the first
one). This formula suggests that the asymptotic behavior of G(x, y) when



1 Introduction 23

|x−y| → 0 (respectively, when |x−y| → ∞) should follow from the asymptotic
behavior of the potential measure U at ∞ (respectively at 0). The latter can
be studied in the case when the potential measure has a monotone density
u with respect to the Lebesgue measure. Indeed, the Laplace transform of
U is given by LU(λ) = 1/φ(λ), hence one can invoke the Tauberian and
monotone density theorems to obtain the asymptotic behavior of U from the
asymptotic behavior of φ.

We will be mainly interested in the behavior of the Green function G(x, y)
and the jumping function J(x) near zero, hence the reasonable assumption
on φ will be that it is regularly varying at infinity with index α ∈ [0, 1]. This
includes subordinators having a drift, as well as subordinators with slowly
varying Laplace exponent at infinity, for example, a gamma subordinator. In
the latter case we have φ(λ) = log(1 + λ) and hence α = 0.

1.2 Outline of the Book

Precise boundary estimates and explicit structure of α-harmonic functions
on general sub-domains of R

d remained for a long time essentially beyond
the reach of the general theory. They are now objects of the Boundary
Potential Theory which is discussed in Chapters 2 and 3 of the book. The
main results of this theory: the Boundary Harnack Principle, the 3G
Theorem, the potential theory of Schrödinger-type perturbations and
the Conditional Gauge Theorem are proven and discussed in Chapter 2.
In Chapter 3 we present the important topic of nontangential limits of α-
harmonic functions on the border of the domain, whose main result is the
Relative Fatou Theorem for α-harmonic functions. Boundary Potential
Theory for relativistic stable processes is also presented in Chapter 3.

The Spectral Theory of stable and related processes is an important tool
of the Stochastic Potential Theory. It is the subject of Chapter 4 of the book.
Its main results: Intrinsic Ultracontractivity, connection to Steklov problem,
eigenvalue estimates, isoperimetric inequalities and estimates of the spectral
gap are presented.

The second part of the book, contained in Chapter 5, is devoted to the
Potential Theory for Subordinate Brownian motions, processes more
general than α–stable processes. Both classical Potential Theory and Bound-
ary Potential Theory are presented for the subordinators and the subordinate
processes. The main examples of subordinate processes covered by these re-
sults are stable and relativistic stable processes, geometric stable processes
and iterated geometric stable processes. Important classes of gamma subor-
dinators and Bessel subordinators are also included. In the last section of this
chapter the underlying Brownian motion is replaced by the Brownian motion
killed upon exiting a Lipschitz domain D.

The book has a form of extended lecture notes. We often strive to sug-
gest ideas and relationships at the cost of the generality and completeness.
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When the ideas are too cumbersome to verbalize, we choose to refer to the
original papers. Occasionally, we present new results and modifications or
simplifications of existing proofs. We often employ probabilistic notions and
interpretations because they are extremely valuable for understanding of the
ideas. They also lead to concise notation and powerful technical tools. Gener-
ally speaking, the main perspective that the probabilistic potential theory can
offer is that of the distribution of the underlying process on the path space, as
constructed by Kolmogorov. The distribution is a much richer object than the
corresponding transition probability (or semigroup). The fundamental prop-
erty of the distribution is the strong Markov property, first proved by Hunt
for the Brownian motion. It should be noted that this property supersedes
the Chapman-Kolmogorov equations allowing for the use of random stopping
times–chiefly the first exit times of sub-domains of the state space with the
natural hierarchy given by inclusion of the domains. For instance, the strong
Markov property yields the mean value property for the Green potentials of
measures off the support of these measures.



Chapter 2

Boundary Potential Theory
for Schrödinger Operators Based
on Fractional Laplacian

by K. Bogdan and T. Byczkowski

2.1 Introduction

Precise boundary estimates and explicit structure of harmonic functions are
closely related to the so-called Boundary Harnack Principle (BHP). The
proof of BHP for classical harmonic functions was given in 1977-78 by
H. Dahlberg in [65], A. Ancona in [3] and J.-M. Wu in [153] (we also re-
fer to [99] for a streamlined exposition and additional results). The results
were obtained within the realm of the analytic potential theory. A proba-
bilistic proof of BHP, one which employs only elementary properties of the
Brownian motion, was given in [11]. The proof encouraged subsequent at-
tempts to generalize BHP to other processes, in particular to the processes
of jump type.

BHP asserts that the ratio u(x)/v(x) of nonnegative functions harmonic
on a domain D which vanish outside the domain near a part of the domain’s
boundary, ∂D, is bounded inside the domain near this part of ∂D. The result
requires assumptions on the underlying Markov process and the domain.
For Lipschitz domains and harmonic functions of the isotropic α-stable Lévy
process (0 < α < 2), BHP was proved in [27]. Another proof, motivated
by [11], was obtained in [31] and extensions beyond Lipschitz domains were
obtained in [150] and [38]. In particular the results of [38] provide a conclusion
of a part of the research in this subject, and offer techniques that may be
used for other jump-type processes.

Lipschitz BHP leads to Martin representation of nonnegative α-harmonic
functions on Lipschitz domains ([28] and [56]). Another important conse-
quence of BHP are sharp estimates of the Green function of Lipschitz
domains and the so-called 3G Theorem (see (2.26) below). We give these
applications in the first part of the chapter, along with a self-contained proof
of BHP, following [27] and [38].

In the second part of the chapter we focus on the potential theory of
Schrödinger-type perturbations, Δα/2 +q, of the fractional Laplacian on sub-
domains of R

d. The main result we discuss here is the Conditional Gauge
Theorem (CGT), asserting comparability of the Green function of Δα/2 + q

K. Bogdan et al., Potential Analysis of Stable Processes and its Extensions,
Lecture Notes in Mathematics 1980, DOI 10.1007/978-3-642-02141-1 2,
c© Springer-Verlag Berlin Heidelberg 2009
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with that of Δα/2, under an assumption of “non-explosion”. Here 0 < α < 2,
and the proof of CGT relies on the 3G Theorem, thus on (Lipschitz) BHP.
In presenting these results we generally follow the approach of papers [32] and
[33]. The approach was modeled after [62], which deals with the Laplacian
and its underlying process of the Brownian motion (see [64] for Schrödinger
perturbations of elliptic partial differential operators of second order). For a
different technique we refer to [54]. It should be noted that there are many
algebraic similarities between the fractional Laplacian (α < 2) and the Lapla-
cian (α = 2), but there are also deep analytical differences between these two
cases, primarily due to the discontinuity of paths of the isotropic α-stable
Lévy process for 0 < α < 2.

2.2 Boundary Harnack Principle

Below we freely mix ideas from [27], [31], [32], [150], and [38], with some
didactic improvements and modifications aimed at the simplification of pre-
sentation. In particular we give perhaps the shortest existing proof of BHP
for α-harmonic functions.

In what follows nonempty D ⊂ R
d is open. We intend to present the main

ideas of the proof of BHP as given in [38] for arbitrary domains. However,
for the simplicity of the discussion in the remainder of this chapter unless
stated otherwise, we will assume that D is a Lipschitz domain, and we will
concentrate on finite nonnegative functions f on R

d, which are represented
on D as Poisson integrals of their values on Dc:

f(x) =
∫

Dc

f(y)PD(x, y)dy , x ∈ Dc . (2.1)

For instance, if (D is a Lipschitz domain and) f � 0 is bounded on D,
then f = PD[f ] on D, see [27]. For a general discussion of the notion of α-
harmonicity we refer the reader to [32, 38]. We should perhaps state a warning
that some aspects of the notion are richer and even counter-intuitive when
confronted with the properties of harmonic functions of local operators. In
particular, non-negativeness of functions which are α-harmonic on D is useful
only if assumed on the whole of R

d (rather than merely on D). For instance,
if |y| > r, then the function

Br 
 x �→
[

sup
v∈Br

PBr
(v, y)

]
− PBr

(x, y),

takes on the minimum of zero in a interior point of Br, in stark contrast
with the Harnack inequality. The reader may also want to consider (non-
Lipschitz) domains with boundary of positive Lebesgue measure and domains
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Fig. 2.1 D, Br, and
outer cone D

Br

with complement of zero Lebesgue measure but positive Riesz capacity, to ap-
prehend the complexity of the boundary problems for α-harmonic functions.

For function f � 0 satisfying (2.1) we have Δα/2f(x) = 0 on D, see [32].
Furthermore, for every open U ⊂ D we have

f(x) =
∫

Uc

f(y)ωx
U (dy) , x ∈ U . (2.2)

This follows from (1.51). We emphasize that for the above mean value prop-
erty of Poisson integrals it is not necessary that U be a compact subset of D,
and we to refer the reader to [38] for cautions needed to deal with the general
nonnegative α-harmonic functions.

When 0 < r � 1 we let Dr = D ∩ Br, a domain with the outer cone
property, see Figure 2.1. We will often use (2.2) for U = Dr. We note that
ωx

Dr
(∂Dr) = 0 for x ∈ Dr, in particular we can employ (1.53) for such U .

Consider B = B1 and assume that

f = 0 on B \D . (2.3)

Since GDr
� GBr

(see (1.45), (1.46)), by the definition of Poisson kernel
(1.49) we get

PDr
(x, y) � PBr

(x, y) , x ∈ Dr , y ∈ Bc
r .

By the mean value property and the assumption (2.3) we obtain

f(x) �
∫

Bc
r

f(y)PBr
(x, y)dy , x ∈ Br , 0 < r � 1 . (2.4)
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The function PBr
(x, y) has a singularity at |y| = r. To remove this inconve-

nience, we will consider an analogue of volume averaging used on occasions in
the classical potential theory. We fix a nonnegative function φ ∈ C∞

c ((1/2, 1))
such that

∫ 1

1/2
φ(r) dr = 1 and we define

ψ(x, y) =
∫ 1

1/2

φ(r)PBr
(x, y) dr

= Cd
α |y − x|−d

∫ |y|∧1

|y|∧1/2

(r2 − |x|2)α/2

(|y|2 − r2)α/2
φ(r)dr , x, y ∈ R

d .

It is not difficult to check that

|ψ(x, y)| � C

(1 + |y|)d+α
, |x| � 1/3 , y ∈ R

d . (2.5)

By Fubini’s theorem and (2.4) we obtain

f(x) �
∫

Bc
r

f(y)ψ(x, y)dy � C

∫
Rd

f(y)(1 + |y|)−d−α , x ∈ B1/3 . (2.6)

To obtain a reverse inequality for x ∈ D1 = D ∩ B being not too close
to ∂D1 we note that PBr

(0, y) � Cd
αrα|y|−d−α, see (1.57). If r0 > 0 and

B(2r0, x0) ∈ D1, then

f(x0)=
∫

Bc(x0,r0)

Pr0(0, y − x0)f(y)dy�
∫

Bc(x0,r0)

Cd
αrα

0 |y − x0|−d−αf(y)dy.

(2.7)

By the Harnack inequality for f on B(x0, r0) we can enlarge the domain of
integration so that

f(x0) � c

∫
Rd

(1 + |y|)−d−αf(y)dy .

Here and in what follows the constants (c, C etc.) depend on d, α and D, in
particular on r0.

This and (2.6) yield the following Carleson-type estimate.

Corollary 2.1. There is a constant C depending only on d, α, and x0 such
that

f(x) � Cf(x0) , x, x0 ∈ D1/3 . (2.8)

In what follows we will consider D1/4 and will fix x0 ∈ D1/5. We have

f(x) =
∫

Dc
1/4

f(y)PD1/4(x, y)dy =
∫

D1/4

GD1/4(x, v)κ(v)dv , (2.9)
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where
κ(v) =

∫
Dc

1/4

Ad,−α|y − v|−d−αf(y)dy , v ∈ D1/4 .

We thus have f expressed as the Green potential of the charge κ(v) inter-
preted as the intensity of jumps of Y “to” f on Dc. Let

κ1(v) =
∫

Bc
1/3

Ad,−α|y − v|−d−αf(y)dy , v ∈ D1/4 ,

κ2(v) =
∫

B1/3\D1/4

Ad,−α|y − v|−d−αf(y)dy , v ∈ D1/4 ,

and
fi(x) =

∫
D1/4

GD1/4(x, v)κi(v)dv , i = 1, 2 . (2.10)

We note that fi are α-harmonic, in fact Poisson integrals, on D1/4. We observe
that κ1 is bounded, in fact nearly constant on D1/4:

c−1κ1(v2) � κ1(v1) � cκ1(v2) , v1, v2 ∈ D1/4 , (2.11)

because |y − v|−d−α is nearly constant in v ∈ D1/4 (uniformly in y ∈ Bc
1/3).

Also, κ1(v) � cf(x0), see (2.7). Thus

f1(x) � cf(x0)
∫

D1/4

GD1/4(x, v)dv = cf(x0)sD1/4(x) , x ∈ D1/4. (2.12)

We will see that sD1/4 faithfully represents the asymptotics of f = f1 + f2 at
∂D ∩B1/5. To this end we first note that by (2.8),

f2(x) � Cf(x0)ωx
D1/4

(Bc
1/4) , x ∈ D1/4 . (2.13)

Lemma 2.2. For every p ∈ (0, 1) there is a constant C such that if D ⊂ B
then

ωx
D(Bc) � C sD(x) , x ∈ Dp .

Proof. Let 0 < p < 1. We choose a function ϕ ∈ C∞
c (Rd) such that 0 � ϕ � 1,

ϕ(y) = 1 if |y| � p, and ϕ(y) = 0 if |y| � 1. Let x ∈ Dp. By (1.47) we have

ωx
D(Bc) =

∫
Bc

(ϕ(x)− ϕ(y))ωx
D(dy) �

∫
Dc

(ϕ(x)− ϕ(y))ωx
D(dy)

= −
∫

D

GD(x, y)Δα/2ϕ(y)dy .

It remains to observe that Δα/2ϕ is bounded and the lemma follows. ��
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By (2.13), scaling and Lemma 2.2 (with p = 4/5) we obtain that f2(x) �
cf(x0)sD1/4(x) for x ∈ D1/5. This, and (2.12) yield the following improvement
of Carleson estimate

c−1f(x0)sD1/4(x) � f(x) � cf(x0)sD1/4(x) , x ∈ D1/5 . (2.14)

Indeed, the lower bound in (2.14) follows from the inequality

f(x) �
∫

D1/4

GD1/4(x, v)κ3(v)dv ,

where

κ3(v) =
∫

B(x′,r′)
f(y)Ad,−α|y − v|−d−αdy � cf(x0) , v ∈ D1/4 ,

and B(2r′, x′) ⊂ D1/4 \D1/5 is a ball (if the set D1/4 \D1/5 is empty then
f2 ≡ 0, and we simply use (2.11) and (2.10)).

The following Boundary Harnack Principle is a direct analogue of (1.14).

Theorem 2.3 (BHP). If functions f1 and f2 satisfy the above assumptions
on f , then

f1(x)f2(y) � Cf1(y)f2(x) , x, y ∈ D1/5 .

Proof. We fix x0 ∈ D ∩B1/5. For x, y ∈ D ∩B1/5 we obtain from (2.14)

f1(x)f2(y) � c2f1(x0)f2(x0)sD1/4(x)sD1/4(y) ,

and
f1(y)f2(x) � c−2f1(x0)f2(x0)sD1/4(y)sD1/4(x) .

The result, translation and scaling invariance of the class of α-harmonic
functions, and the usual Harnack inequality, allow to estimate the growth of
α-harmonic functions vanishing at a part of the domain’s boundary up to
this part of the boundary. The constant C in our present proof depends on
D (and the choice of x0), however a more delicate and technical proof shows
that C may be so chosen to depend only on d and α. We refer the reader to
[38] for this important strengthening of BHP. An important consequence of
the domain-independent, or uniform BHP of [38] is given in the following
statement

lim
D	x→0

f1(x)/f2(x) exists. (2.15)

BHP and (2.15) were given in [27] (see also [31]) for Lipschitz domains,
generalized in [150] to the so-called κ-fat domains, and proved for arbitrary
open sets in [38]. The proof of (2.15) seems too technical to be discussed here,
but we will hopefully give some insight into its main idea, when discussing
the uniqueness of the Martin kernel with the pole at infinity for cones.
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Let ρ(x) = dist(x,Dc). Compared to BHP, the following local estimate
for individual (nonnegative) Poisson integral on Lipschitz domains, if not
sharp, is more explicit.

Lemma 2.4. Let Γ : R
d → R satisfy (1.12), and Γ(0) = 0. Let D = DΓ∩B,

and A = (0, 0, . . . , 0, 1/2) ∈ D. There are C = C(d, α, λ) and ε = ε(d, α, λ) ∈
(0, α) such that

C−1f(A)ρ(x)α−ε � f(x) � Cf(A)ρ(x)ε , x ∈ D1/2 . (2.16)

The right hand side of (2.16) is a strengthening of the Carleson estimate,
and it asserts a power-type decay of u at the boundary of D. This decay rate
is related to the existence of outer cones for the boundary points of D, and
steady escape of mass of the process when it approaches ∂D (see our discus-
sion above of the fact that ωx

D(∂D) = 0). For a class of domains including
domains with the boundary defined by a C2 function we have ε = α/2, which
may be verified by a direct calculation involving the Green function of the
ball, and of the complement of the ball, see [56], [109]. Then (2.16) becomes
sharp, meaning that all sides of the inequality are in fact comparable. The
exponent α/2 is also related to the fact that

f(x) = x
α/2
+ , x ∈ R , (2.17)

is α-harmonic on the half-line {x > 0}, see [30] for explicit calculations in-
volving Δα/2.

For general Lipschitz domains the exponent ε on the right-hand side of
(2.16) is usually not given explicitly. We like to note that ε > 0 may be arbi-
trarily small, e.g. for the complement of cone with sufficiently small opening
in dimension d > 2. For a more detailed study of the asymptotic behavior of
α-harmonic functions in cones, and some open problems we refer the reader
to [5] and [123].

We will briefly discuss the left hand side inequality in (2.16). We like to
emphasize the fact that the power-type decay cannot be arbitrarily fast, a
significant difference when compared with the classical harmonic functions
in narrow cones. Indeed, ε > 0 may be arbitrarily small (for very narrow
cones), but we always have α−ε < α! This is a noteworthy contrast with the
classical potential theory (α = 2). For an explanation of this phenomenon we
will consider exponentially shrinking disjoint balls Bk = B(Ak, crk), where
0 < r < 1 and c are such that Bk ⊂ Drk (k = 0, 1, . . .), see Figure 2.2. By
the mean value property, we have

f(Ak) �
k−1∑
l=0

∫
Bl

f(y)ωAk

Bk(dy) (2.18)

� C

k−1∑
l=0

∫
Bl

f(Al)r(k−l)α ,
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Fig. 2.2 Exponentially
shrinking balls

Ak

Bk

Bι

Aι

A0

B0

0

where we used the formula for the Poisson kernel of the ball. Thus, βk :=
f(Ak)r−kα � C

∑k−1
l=0 βl. By induction we see that βk � C(1+C)kβ0, which

yields the exponent α− ε < α on the left hand side of (2.16).
We note that the first term of the sum in (2.18) approximately equals

rkαf(A0), which is much smaller than the whole sum. Thus a direct jump (say,
to B0) has a negligible impact on the values of the α-harmonic function on
Bk. Instead, the many combined shorter jumps between the balls {Bl} yield
the main contribution. The geometry of Lipschitz domains plays a role here.
Domains which are “thinner” at some boundary points may show a different
decay rate of α-harmonic functions (i.e. that given by a few direct jumps
may prevail, see [125]). This observation leads to a notion of inaccessibility
developed in [38].

We want to point out after [38], that BHP can be studied as a property
of the Poisson kernel and the Green function, without even referring to the
notion of α-harmonicity. In fact, the main application of BHP is the following
one, to f1(x) = GD(x, x1) and f2(x) = GD(x, x2), for x (in a Lipschitz subset
of) D \ {x1, x2}. We fix an arbitrary reference point x0 ∈ D and we define
the Martin kernel of D,

MD(x, y) = lim
D	v→y

GD(x, v)
GD(x0, v)

, x ∈ R
d , y ∈ ∂D . (2.19)

Theorem 2.5. The limit in (2.19) exists. x �→ MD(x, y) is up to constant
multiples the only nonnegative α-harmonic function on D and equal to zero
on Dc which continuously vanishes at Dc \ {y}.
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The existence part of the result follows easily from (2.15). The α-
harmonicity of MD, however, depends delicately on the Lipschitz geometry
of the domain via the lower bound in (2.16), see [28]. We refer the reader
to [28] for an elementary study of the properties of MD(·, y) for Lipschitz
domains. We also refer to [38] for the case of arbitrary open set and for the
explanation of the role played by the accessibility of the point y from within
the set.

It should be noted that MD(·, y) is not of the form (2.1). Nonnegative
α-harmonic functions vanishing on Dc are called singular α-harmonic. They
resemble classical Poisson integrals of singular measures on the sphere (and
also nonnegative martingales converging to zero almost surely).

We will cite after [28] the representation theorem for nonnegative α-
harmonic functions on bounded Lipschitz domains D (for arbitrary nonempty
open subsets of R

d see [38]).

Theorem 2.6. For every function u � 0 which is α-harmonic in D there
exists a unique finite measure μ � 0 on ∂D, such that

u(x) =
∫

Dc

PD(x, y)u(y)dy +
∫

∂D

MD(x, y)μ(dy) , x ∈ D . (2.20)

In view of the recent developments in [38] we like to make the following
comments. First,

∫
Dc PD(x, y)u(y)dy above may be generalized to Poisson

integrals of nonnegative measures:

∫
Dc

PD(x, y)λ(dy) < ∞ , (2.21)

and it is legitimate to regard Dc as the “Martin boundary” of (bounded
Lipschitz) D for Δα/2, with kernels MD(·, y), y ∈ ∂D, and PD(·, y) + δy(·),
y ∈ Dc \ ∂D. Second, for general domains in arbitrary dimension, inaccessi-
ble points of the Euclidean boundary will contribute a Poisson kernel, rather
than a Martin kernel. Third, for unbounded domains a Martin kernel may
be attributed to the point at infinity (if accessible). For details we refer the
reader to [38], which appears to finalize the problem of representing nonneg-
ative α-harmonic functions, and offers notions and methods appropriate for
handling more general Markov processes with jumps. To further encourage
the interested reader, we want to point out that for bounded domains their
“Martin boundary” decreases when the domain increases [38]. Comparing to
Δ, we see that the potential theory of Δα/2 is more compatible with the
Euclidean topology of R

d.
We return to considering a Lipschitz domain D ⊂ R

d in dimension d � 2.
For y ∈ ∂D, MD(x, y) is (up to constant multiples) the unique α-harmonic
function continuously vanishing on Dc \ {y} (and having a singularity at y,
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which “feeds” the function through (1.63)). As remarked above, a similar
function can be constructed for the point at infinity, if D is unbounded:

M(x) = MD(x,∞) = lim
D	v,|v|→∞

GD(x, v)
GD(x0, v)

, x ∈ R
d . (2.22)

In the case when D is an open cone C ⊂ R
d, the existence, uniqueness and

homogeneity properties of M were studied [5] and [123]. Below we will give a
flavor of the technique used in the study. We first note that the mean value
property holds for such M for every bounded open subset U of C, as the
pole is so far away. Let 1 �= 0 be a point in R

d (say 1 = (0, . . . , 0, 1)). For
x ∈ R

d\{0}, we denote by θ(x) the angle between x and 1. The right circular
cone of angle Θ ∈ (0, π) is the Lipschitz domain

C = CΘ = {x ∈ R
d : θ(x) < Θ} .

Clearly, for every r > 0 we have rC = C. In particular, by scaling, if u is
α-harmonic on C, then so is x �→ u(rx). We will prove the uniqueness of M .
To this end, we assume that there is another function m � 0 on R

d which
vanishes on Cc, satisfies m(1) = 1 and

m(x) = Exm(YτB
) , x ∈ R

d ,

for every open bounded B ⊂ C. By BHP,

C−1m(x) � M(x) � Cm(x) ,

for x ∈ B ∩ C. By scaling, this extends to all x ∈ C with the same constant.
We let a = infx∈C m(x)/M(x). For clarity, we note that C−1 � a � 1. Let
R(x) = m(x)− aM(x), so that R � 0 on R

d. Assume (falsely) that R(x) > 0
for some, and therefore for every x ∈ C. Then, by BHP and scaling,

R(x) � εM(x) , x ∈ R
d,

for some ε > 0. We have

a = inf
x∈C

m(x)
M(x)

= inf
x∈C

aM(x) + R(x)
M(x)

� a + ε ,

which is a contradiction. Thus R ≡ 0, m = aM , and the normalizing condi-
tion m(1) = M(1) = 1 yields a = 1. The uniqueness of M is verified.

We like to note that the existence of the limits of the ratios of nonnegative
α-harmonic functions, (2.15), is proved by a similar argument, see [27, 38].
This oscillation-reducing mechanism of BHP is well known for local op-
erators, e.g. Laplacian ([11]), but the non-local character of the fractional
Laplacian seriously complicates such arguments, except in some special cases,
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like that of the cone. Some elements of the proof (of vanishing of oscillations of
ratios of non-negative α-harmonic functions) are given in [27]. The complete
details in the generality of arbitrary domains are given in [38].

To appreciate the importance of uniqueness, we return to the discussion of
the Martin kernel with the pole at infinity for the cone. By scaling, for every
k > 0 the function M(kx)/M(k1) satisfies the hypotheses defining M . Thus
it is equal to M , or

M(kx) = M(x)M(k1) x ∈ R
d .

In particular, M(kl1) = M(l1)M(k1) for positive k, l. By continuity of α-
harmonic functions on the domain of harmonicity, there exists β such that
M(k1) = kβM(1) = kβ and

M(kx) = kβM(x) , x ∈ R
d ,

or
M(x) = |x|βM(x/|x|) , x �= 0 , (2.23)

compare (2.16). By (2.14), M is locally bounded and tends to zero at the
origin, thus

0 < β < α . (2.24)

It is known that β is close to α for very narrow cones, and it will be close to
0 for obtuse cones (for Θ close to π), at least in dimension d � 2. We refer
the reader to [5], [123], [35] for more information and a few explicit values of
β for specific cones (see (2.17) for the half-line).

2.3 Approximate Factorization of Green Function

In this section we will consider a bounded Lipschitz domain D ⊂ R
d, d � 2,

with Lipschitz constant λ. To simplify formulas, we recall the notation ≈: we
write f(y) ≈ g(y) for y ∈ A if there exist constants C1, C2 not depending on
y such that C1 f(y) � g(y) � C2 f(y), y ∈ A.

Let δ(x) = dist(x,Dc). We fix x0, x1 ∈ D, x0 �= x1, and we let κ =
1/(2

√
1 + λ2). For x, y ∈ D we denote r = r(x, y) = δ(x)∨δ(y)∨ | x−y |. For

small r > 0 we write B(x, y) for the set of points A such that B(A, κr) ⊂ D∩
B(x, 3r)∩B(y, 3r), see Figure 2.3, and we put B(x, y) = {x1} for large r [29].
The set B(x, y) is nonempty (see [98] or [29] for details). Informally speaking,
A ∈ B(x, y) dominates x and y similarly as A of Lemma 2.4 dominates the
points of D1/2, see Figure 2.3. Let G = GD, the Green function of D for the
fractional Laplacian. We define

φ(x) = G(x0, x) ∧ c .
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Fig. 2.3 A ∈ B(x, y)

x0 x1

A

x y

The following is a sharp, if not completely explicit, approximate factorization
of G(x, y).

C−1 φ(x)φ(y)
φ2(A)

|x− y|α−d � G(x, y) � C
φ(x)φ(y)
φ2(A)

|x− y|α−d . (2.25)

Here A is an arbitrary point of B(x, y). A proof of (2.25) is given in [98] (see
also [29] for the case of α = 2). We will sketch the proof.

If x and y are close to each other but far from the boundary, then (2.25)
is equivalent to G(x, y) ≈ |x − y|α−d, because the term subtracted in (1.45)
is small.

Another case to consider is the situation of |y − x| being large and δ(x),
δ(y) being small. By symmetry, G(x, y) is α-harmonic both in x, and in y
(on D \{y} and D \{x}, correspondingly). By BHP (and the usual Harnack
inequality) G(x, y)/G(x0, y) ≈ G(x, x1)/G(x0, x1). Since 0 < G(x0, x1) < ∞
is a constant, we obtain (2.25) in the considered case. If |y − x|, δ(x), and
δ(y) are all small then we use BHP in a similar way, but twice. If δ(x) is
small, and δ(y) is large, then G(x, y) = G(y, x) ≈ G(x0, x) by the Harnack
inequality.

We remark that φ(·) may be replaced by sD(·) in (2.25), compare
Lemma 2.2, [38]. For bounded C2 domains we may use φ(·) = δα/2(·),
obtaining an estimate which is both sharp and explicit, [109, 56].

We will give a short proof of the following celebrated inequality known as
3G Theorem:

Theorem 2.7 (3G).

G(x, y)G(y, z)
G(x, z)

� C
|x− y|α−d|y − z|α−d

|x− z|α−d
, x, y, z ∈ D . (2.26)

Proof. let x, y, z ∈ D and R ∈ B(x, y), S ∈ B(y, z), T ∈ B(x, z). By (2.25),

G(x, y)G(y, z)
G(x, z)

� C
|x− y|α−d|y − z|α−d

|x− z|α−d
W 2,
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where W = [φ(y)φ(T )]/[φ(R)φ(S)]. We will verify the boundedness of W . Let
r1 = δ(x)∨δ(y)∨|x−y|, r2 = δ(y)∨δ(z)∨|y−z|, and r3 = δ(x)∨δ(z)∨|x−z|
because φ is bounded. If R = x1 and S = x1 then W � C. If R �= x1, that is if
r1 is small, then we choose Q ∈ ∂D such that δ(y) = |y−Q|. By the Carleson
estimate φ(y) � Cφ(R). Consequently, if S = x1, then W � C. The same
holds true if S �= x1 and R = x1. By symmetry, to complete the proof, we
may assume that r1 � r2 are small. We have r3 � r1 + r2 � 2r2, so r3 is also
small. In fact |T−Q| � |T−z|+|y−z|+|y−Q| < 3r3+r2+r2 � 8r2, therefore
by the Carleson estimate and the Harnack inequality φ(T ) � Cφ(S). Recall
that φ(y) � Cφ(R), thus W is bounded in this case, too. This finishes the
proof. ��

Since |x − y|α−d|y − z|α−d/|x − z|α−d � 2d−α
(
|x− y|α−d + |y − z|α−d

)
,

we obtain the following version of 3G:

G(x, y)G(y, z)
G(x, z)

� C (Kα(x− y) + Kα(y − z)) , x, y ∈ D . (2.27)

The definition of the Martin kernel yields

G(x, y)MD(y, ξ)
MD(x, ξ)

� C (Kα(x− y) + Kα(y − ξ)) , x, y ∈ D , ξ ∈ ∂D .

(2.28)

As we have mentioned, the importance of 3G in potential theory was ob-
served in [64]. Below we will use a probabilistic framework of conditional
processes to employ 3G to construct and estimate the Green function of
Schrödinger perturbations of Δα/2. Before we take our chances in this en-
deavor, however, we like to notice that a purely analytic approach to this
problem also exists. The approach is based on the so called perturbation se-
ries, or Duhamel’s formula, whose application is greatly simplified if 3G is
satisfied. We refer the reader to a self-contained exposition of this technique
in [85] (see also [84]). Analogous consideration based on so-called 3P The-
orem of [36] yields comparability of the perturbed transition density with
the original one. We refer the interested reader to [36] and [37] for these
developments.

2.4 Schrödinger Operator and Conditional
Gauge Theorem

We will focus on the potential theory of Schrödinger operators, u �→ Δα/2u+
qu, on subdomains of R

d, following the development of [32, 33, 62]. The class
of admissible “potentials” q is tailor-made for the transition probability of
{Yt} (and Δα/2).
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Put in a general perspective we consider here “small” additive perturba-
tions of the generator of a semigroup and we expect the potential-theoretic
object to be similar before and after these perturbations. In particular, the
conditional gauge function defined below is the ratio between the Green func-
tions after and before the perturbation, and the Conditional Gauge Theorem
(CGT) asserts that the function is bounded under certain assumptions. Orig-
inally, many authors considered the Laplace operator and bounded q, or q in
a Kato class and smooth domains D, see the references in [64]. The paper
[64] made an essential progress by including Lipschitz domains in the case of
the Laplace operator. This direction of research is summarized in [62].

The paper [54] initiated in 1997 the study of CGT for rotation invariant
stable Lévy and more general processes for Schrödinger and more general
perturbations. The focus of [54] was on C1,1 domains. CGT for the stable
proceses in Lipschitz domains was proved in 1999 in [32]. We also like to note
that there is a recent non-probabilistic approach to CGT, see [85] and [37].

A (Borel) function q on R
d is said to belong to the Kato class Jα if

lim
t↓0

sup
x∈Rd

∫ t

0

Ex|q(Ys)| ds = 0 . (2.29)

Thus, (2.29) is a statement of negligibility of q in (small) time, with respect
to the given transition probability. To make (2.32) more explicit we recall the
following well-known estimate (see (1.29)):

C−1

(
t

|x|d+α
∧ t−d/α

)
≤ pt(x) ≤ C

(
t

|x|d+α
∧ t−d/α

)
. (2.30)

The estimate is proved by subordination (see, e.g., [39]). Noteworthy,

t

|x|d+α
≤ t−d/α iff t ≤ |x|α . (2.31)

We easily see that

∫ t

0

ps(x)ds ≈ t2

|x|d+α
∧ 1
|x|α−d

.

By the definition of Ex, and Fubini-Tonelli, q ∈ Jα if and only if

lim
t↓0

sup
x∈Rd

∫
Rd

[
t2

|y − x|d+α
∧ 1
|y − x|α−d

]
|q(y)|dy = 0 .
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It follows that (2.29) is equivalent to the following condition of negligibility
of q in (small) space with respect to the potential operator:

lim
γ↓0

sup
x∈Rd

∫
|x−y|≤γ

Kα(x− y) |q(y)| dy = 0 . (2.32)

We also note that L∞(Rd) ⊂ Jα ⊂ L1
loc(R

d).
For q ∈ Jα we define the additive functional

Aq(t) =
∫ t

0

q(Ys) ds ,

and the corresponding multiplicative functional

eq(t) = exp(Aq(t)) .

We have
eq(t + s) = eq(t) (eq(s) ◦ θt) , t, s � 0 .

Here θt is the usual shift operator acting on the process Y by the formula:
Ys ◦ θt = Yt+s.

For an open bounded set D we define the killed Feynman-Kac semigroup
Tt by the formula

Tt f(x) = Ex[t < τD; eq(t) f(Yt)] . (2.33)

Tt is a strongly continuous semigroup on Lp(D), 1 � p <∞, and on C(D)–
for regular D. For each t > 0, the operator Tt is determined by a symmetric
transition density function ut(x, y) which is in C0(D×D) for regular D. We
should note that {Tt , t > 0} is generated by Δα/2 + q, see [32]. The next
lemma is fundamental in the theory of Feynman-Kac semigroups– this is seen
in the development of [62], which we will follow quite closely below.

Lemma 2.8. [Khasminski lemma] Let τ be an optional time of Y such that

τ � t + τ ◦ θt , on {t < τ} , t > 0 . (2.34)

Suppose that q � 0 and ExA(τ) < ∞ for all x ∈ R
d. Then for each integer

n � 0 we have,
sup

x
Ex[A(τ)n] � n! sup

x
(ExA(τ))n . (2.35)

If supx ExA(τ) = α < 1 then

sup
x

ExeA(τ) � (1− α)−1 .
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The condition (2.34) is satisfied if τ is constant or if τ = τD for some
D ⊆ R

d.

Proof. Since q � 0, the functional A(·) is nonnegative and nondecreasing. By
Fubini-Tonelli and (2.29), A(τ) < ∞ a.s. We have

A(τ)n+1

n + 1
=
∫ τ

0

[A(τ)−A(t)]n dA(t) .

For t < τ , by (2.34),

A(τ)−A(t) � A(t + τ ◦ θt)−A(t) =
∫ t+τ◦θt

t

q(Ys) ds

= [
∫ τ

0

q(Ys) ds] ◦ θt = A(τ) ◦ θt .

By Fubini’s theorem,

Ex[A(τ)n+1]
n + 1

� Ex[
∫ τ

0

[A(τ) ◦ θt]n dA(t)] =
∫ ∞

0

Ex[t < τ ; [A(τ) ◦ θt]nq(Yt)] dt .

By the Markov property the last integral is equal to

∫ ∞

0

Ex[t < τ ;EYt [A(τ)n] q(Yt)] dt � sup
x

Ex[A(τ)n]
∫ ∞

0

Ex[t < τ ; q(Yt)] dt

= sup
x

Ex[A(τ)n]ExA(τ) .

It follows that

sup
x

Ex[A(τ)n+1] � (n + 1) sup
x

Ex[A(τ)n] sup
x

Ex[A(τ)] ,

hence (2.35) is proved by induction on n. The last assertion of the lemma is
an immediate consequence of (2.35). ��

We like to note that A(t) increases where q > 0, and eq(t) may be inter-
preted as the mass of a particle moving along the trajectories of the process
in the potential well given by q. If q � 0 then the mass is always bounded by
1 (subprobabilistic), which corresponds to Courrège’s theorem, see (1.25).

The gauge function of D and q is defined as follows:

u(x) = Exeq(τD) .

We can interpret u(x) as the expected mass of the particle when it leaves
the domain. We note that since τD is an unbounded random variable, the
mass may be infinite if q is (say, positive and) large enough. When the gauge
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function satisfies u(x) < ∞ for (some, hence for all) x ∈ D, we call the pair
(D, q) gaugeable.

We consider ut(x, y) = Ex[1t<τD
eq(t)|Yt = y], the integral kernel of Tt.

We define the Green function of the Schrödinger operator on D,

V (x, y) =
∫ ∞

0

ut(x, y) dt .

The potential operator of the the Feynman-Kac semigroup Tt killed off D is,
by definition

V f(x) =
∫ ∞

0

Ttf(x) dt =
∫ ∞

0

Ex[t < τD; eq(t) f(Yt)] dt

= Ex

∫ τD

0

eq(t) f(Yt) dt =
∫

D

V (x, y) f(y) dy .

Both functions V and ut are symmetric in (x, y) ∈ D×D and ut is continuous
whenever D is regular.

The theorem below provides the fundamental property of the gauge and
clarifies conditions on gaugeability. For the proof, we refer to [62] (see § 5.6
and Theorem 4.19), or [33, Theorem 4.2], where it can be seen that the result
is analogous to the Harnack inequality.

Theorem 2.9 (Gauge Theorem). Let D be a domain with m(D) < ∞
and let q ∈ J α. If u(x0) < ∞ for some x0 ∈ D, then u is bounded in Rd.
Moreover, the following conditions are equivalent:

(i) (D, q) is gaugeable;
(ii) The semigroup Tt satisfies

∫∞
0
||Tt||∞ dt < ∞;

(iii) V 1 ∈ L∞(Rd);
(iv) V |q| ∈ L∞(Rd).

Thus, for the sake of brevity, we can write V 1 ∈ L∞(Rd) to indicate that
(D, q) is gaugeable. In what follows we always assume that (D, q) is gaugeable
indeed. We like to remark that gaugeability is difficult to express explicitly.
However a useful connection exists of gaugeability to the existence of positive
functions harmonic on D for Δα/2 +q, which can be used to give natural and
simple examples of the gauge function for some (not-so-natural) potentials q,
see Figure 2.4 and [33].

The following estimate for the kernel ut(x, y) of the Feynman-Kac
strengthens Lemma 4.7 in [32] and enables us to simplify the proof of
CGT, compared to [32].

Theorem 2.10. Let D ⊆ R
d be open with finite Lebesgue measure and q ∈

Jα. If (D, q) is gaugeable and 0 < δ < 1 then for x, y ∈ R
d

ut(x, y) � C1 t−d/α [(t−1/α |x− y|)−d−α ∧ 1]δ for 0 < t � t0 , (2.36)
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Fig. 2.4 A gauge function for q � 0, see [33]

where t0 = t0(δ, q, α), C1 = C1(d, α) and

ut(x, y) � C2 exp (−β t), for t > t0 , (2.37)

where C2 = C2(D, d, α), β = β(δ, q, α) . Furthermore, if D is additionally
bounded then

V (x, y) � C3 |x− y|α−d . (2.38)

Proof. Let p > 1 be fixed. Choose t0 > 0 such that for 0 < t � t0

sup
x∈D

Ex[e2pq(t)] � 2 .

For 0 < t � t0 and f ∈ L2(D) define Stf(x) = Ex[t < τD; epq(t) f(Yt)]. By
Schwarz inequality, for 0 < t < t0 we have

|Stf(x)|2 � Ex[t < τD; e2pq(t)]Ex[t < τD; f(Yt)2] � 2Ex[f(Yt)2]

= 2
∫

f(y)2 pt(x, y) dy � 2 t−d/α ||f ||22 sup
x

p1(x) .

Thus, we have obtained

||St||2,∞ � C t−d/2α .
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Now, observe that for positive f ∈ L1 and positive φ ∈ L2 we have
∫

φ Stf dx =
∫

f Stφ dx � ||Stφ||∞
∫

f dm � ||St||2,∞ ||φ||2 ||f ||1 .

This shows that Stf ∈ L2 and ||St||1,2 � ||St||2,∞. If f ∈ L1 we have Stf =
St/2St/2f ∈ L∞ so

||St||1,∞ � ||St/2||1,2 ||St/2||2,∞ � ||St/2||22,∞ � C t−d/α .

Let B be a Borel subset of D. Then

Tt1B(x) � Ex[t < τD; epq(t)1B(Yt)]1−δ Ex[t < τD; 1B(Yt)]δ

= (St1B(x))1−δ (
PD

t 1B(x)
)δ

� ||St||1−δ
1,∞ m(B)1−δ [C1 t−d/α ((t−1/α ρ)−d−α ∧ 1)m(B)]δ

� C t−(1−δ)d/α m(B) [C1 t−d/α ((t−1/α ρ)−d−α ∧ 1)]δ

� C3 t−d/α m(B) [(t−1/α ρ)−d−α ∧ 1]δ ,

where ρ = supy∈B |x− y| and we applied the fact that

pD
t (x, y) � pt(x, y) = t−d/α p1(t−1/α(x− y))

� C1 t−d/α [(t−1/α|x− y|)−d−α ∧ 1] , t > 0 , x, y ∈ R
d .

Thus, we have obtained

1
m(B)

∫
B

ut(x, y) dy � C3 t−d/α m(B) [(t−1/α ρ)−d−α ∧ 1]δ .

Consider B = B(y0, δ) and x, y0 ∈ D. Letting δ ↓ 0, we obtain

ut(x, y) � C3 t−d/α [(t−1/α |x− y|)−d−α ∧ 1]δ ,

which gives (2.36). Since (D, q) is gaugeable, by Theorem 2.5 we obtain

||Tt||1 � C e−εt ,

for t > t0 and for some ε > 0. On the other hand

1
m(B)

∫
ut(x, y)1B(y) dy = ||Tt||1,∞ .

As before, this gives ut(x, y) � ||Tt||1,∞ . Since

||Tt||1,∞ � ||Tt0 ||1,∞ ||Tt−t0 ||1 � ||Tt0 ||1,∞ C e−ε(t−t0) ,
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we obtain (2.37). To prove (2.38) we apply (2.36) to estimate

C−1
1

∫ t0

0

ut(x, y) dt �
∫ t0

0

t−d/α[1 ∧ (t−1/α|x− y|)−d−α]δ dt

=
∫ t0

0

t−d/α[1 ∧
(

t

|x− y|α
)−d−α

]δ dt

= |x− y|−δ(d+α)

∫ |x−y|α∧t0

0

tδ−(1−δ)d/α dt

+
∫ t0

|x−y|α∧t0

t−d/α dt .

In the first integral on the right hand-side we take a δ > 0 such that d/α <
1+δ
1−δ , and we then see that the first integral is convergent. We obtain the
upper bound

C4|x− y|−δ(d+α)|x− y|(1−d/α+δ(1+d/α))α

+ C5|x− y|α−d = C |x− y|α−d .

To finish the proof we observe that (2.37) yields
∫ ∞

t0

ut(x, y) dt � β−1e−βt0 ,

which, together with the observation that |x− y| � diam(D), concludes the
proof of (2.38). ��

We note that since ut(x, y) is continuous, the above estimate yields the
continuity of V (x, y) for x, y ∈ R

d, x �= y, under the assumption that D is
regular (and bounded).

We should also mention that there exists a new method of estimating ut

based on the notion of conditional smallness of q which yields comparability
of ut and pt in finite time, see [36].

The following lemma is a well-known but fundamental relationship be-
tween GD and V , see [62], Ch. 6. For an analyst, the lemma is an instance of
the (implicit) perturbation formula for V , compare [85].

Lemma 2.11. Suppose that q ∈ Jα and V 1 ∈ L∞(D). If V |q|GD |f | < ∞
on D then

V f = GD f + V q GD f .

Proof. By Fubini’s theorem we obtain

V q GD f(x) = Ex

∫ τD

0

eq(t) q(Yt)EYt [
∫ τD

0

f(Ys) ds] dt

= Ex

∫ τD

0

eq(t) q(Yt)
∫ τD

t

f(Ys) ds dt
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= Ex

∫ τD

0

f(Ys)
∫ τD

s

eq(t) q(Yt) dt ds

= Ex

∫ τD

0

f(Ys) [eq(s)− 1] ds = V f(x)−GDf(x) .

The application of Fubini’s theorem is justified by the condition V |q|GD |f |
< ∞. ��

An important consequence of the above lemma and Theorem 2.10 is the
following

Lemma 2.12. Suppose that q ∈ Jα and V 1 ∈ L∞(D). Assume that D is
bounded and regular. Then for every x, y ∈ D, x �= y we have

V (x, y) = GD(x, y) +
∫

D

V (x,w) q(w)GD(w, y) dw . (2.39)

Proof. Applying the preceding lemma we obtain that for every x ∈ D the
equation (2.39) holds y-almost everywhere. Assume that |x − y| > δ > 0.
Then either |x− w| > δ/2 or |w − y| > δ/2. Suppose that the first condition
holds. Then, by Theorem 2.10 we obtain

V (x,w) � C Kα(x,w) � C Kα(δ/2) so

V (x,w) |q(w)|GD(w, y) � C Kα(δ/2) |q(w)|Kα(w − y) .

In the second case we obtain

V (x,w) |q(w)|GD(w, y) � C Kα(x− w) |q(w)|Kα(δ/2) .

Consequently, when |x− y| > δ we have

V (x,w) |q(w)|GD(w, y) � C Kα(δ/2) |q(w)| [Kα(w − y) + Kα(x− w)] .

Since D is bounded, it follows that the set of functions

{w �→ V (x,w) q(w)GD(w, y); (x, y) ∈ D ×D, |x− y| > δ}

is uniformly integrable on D. On the other hand, for each w ∈ D, the function

(x, y) �→ V (x,w) q(w)GD(w, y)

is continuous except possibly at x = w or y = w. Therefore, the integral on
the right-hand side of (2.39) is continuous in (x, y) ∈ D × D, |x − y| > δ.
Since δ is arbitrary, both members of (2.39) are continuous in (x, y) ∈ D×D,
x �= y. The proof is complete. ��
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Let h be an α-harmonic and positive on a bounded domain D. By pD
t (x, y)

we denote the transition density function of (Yt) killed on exiting D. For
x, y ∈ D and t > 0 we define time-homogeneous transition density (of Doob’s
h-process)

ph(t;x, y) = h(x)−1 pD
t (x, y)h(y) .

This defines a strong Markov process on D∂ = D∪{∂}. Here ∂ is the absorb-
ing state (cemetery) attached to the state space to accommodate for the loss
of mass (the conditional process is generally subprobabilistic if considered
on the original state space, [23]). The h-process is denoted also by Yt, while
the corresponding expectations and probabilities are denoted by Ex

h , P x
h . We

should note that even though we use the same generic notation for the condi-
tional process, there is no pathwise correspondence between the original and
the conditional processes, and theorems involving the conditional process are
usually more difficult.

The definition of the h-process yields,

Ex
h [t < τD; f(Yt)] = h(x)−1 Ex[t < τD; f(Yt)h(Yt)] . (2.40)

Let D be a bounded Lipschitz domain; for fixed ξ ∈ ∂D we put

h(y) = MD(y, ξ) .

Here MD(·, ξ) is Martin’s kernel of D, which is α-harmonic in D [27, 38].
We also need another version of conditioning: for fixed y ∈ D we let

h(y) = GD(y, z) .

The function h above is α-harmonic in D \ {z}, and superharmonic in D, see
[56]. In the sequel, we will use the notation Ex

ξ , P x
ξ (Ex

z , P x
z , respectively) to

indicate conditioning by Martin kernel (Green function, respectively).
We redefine α-stable ξ-Lévy motion Yt by putting Ys = ξ for s � τD to get

the process on D∪{ξ}. Analogously, α-stable z-Lévy motion Yt is defined on
D and Ys = z for s � τD\{z}.

For a stopping time T � τD\{y} we obtain a specialization of the formula
(2.40):

Ex
z [T < τD\{y}; f(YT )] = GD(x, z)−1 Ex[T < τD; f(YT )GD(YT , z))] . (2.41)

A similar formula holds true for the ξ-process.

As an instructive exercise we compute the Green function of α-stable
z-Lévy motion.

Proposition 2.13 (Green function for conditional process). Let D
be a bounded Lipschitz domain in R

d, α < d, Yt - α-stable z-Lévy motion.
The Green function of D, as the function of y, computed for the process Y
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(starting at x ∈ D and exiting at z ∈ D) has the following form:

GD(x, y)GD(y, z)
GD(x, y)

.

Proof. Indeed, we obtain

Ex
z

∫ τD\{z}

0

f(Yt) dt =
∫ ∞

0

Ex
z [t < τD\{z}; f(Yt)] dt

=
∫ ∞

0

GD(x, z)−1Ex[t < τD\{z}; f(Yt)GD(Yt, z)] dt

= GD(x, z)−1Ex

∫ τD

0

f(Yt)GD(Yt, z) dt

= GD(x, z)−1GD(f(·)GD(·, z))(x)

=
∫

D

GD(x, y)GD(y, z)
GD(x, y)

f(y) dy .

��
By the above calculations, we obtain

Ex
z τD\{z} = Ex

z

∫ τD\{z}

0

1(Yt) dt =
∫

D

GD(x, y)GD(y, z)
GD(x, y)

dy

� C

∫
D

[Kα(x− y) + Kα(y − z)] dy � 2C

∫
D∩B(0,R)

Kα(y) dy < ∞ .

The calculations provide the proof of the second formula in Theorem 2.14
below (the proof of the first formula is similar and will be omitted).

Theorem 2.14.

Ex
ξ τD < ∞ , P x

ξ ( lim
t↑τD

Yt = ξ) = 1 ,

Ex
z τD\{z} < ∞ , P x

z ( lim
t↑τD\{z}

Yt = z) = 1 .

Theorem 2.14 shows that the behavior of the conditional process is dramat-
ically different from that of the original process. In particular, the conditional
process exits through the pole of the function h and does so in a continuous
manner.

Lemma 2.15. Let D,U be bounded regular (e.g. Lipschitz) domains such
that U ⊆ D and z ∈ U . Put D0 = D \ U and let ζ = τD\{z}. Let u ∈ D,
u �= z and x ∈ D0. Then we have

Pu
z {τU\{z} = ζ} =

GU (u, z)
GD(u, z)

, (2.42)

P x
z {τD0 = ζ} = 0 . (2.43)
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Let us remark that the second formula states that the conditional process
cannot reach the point z jumping from outside a certain neighborhood of this
point. The first formula gives the precise value of the probability of reaching
the point z when starting from a point within a neighborhood of this point.
The formulas are essential in proving CGT for the operator Δα/2, 0 < α < 2.

Proof. To prove the first formula we observe that

GD(u, v) = Kα(u− v)− Eu[Kα(YτD
− v)] .

Consequently, we obtain

Eu[τU < τD;GD(YτU
, z)] = Eu[τU < τD;Kα(YτU

− z)]
−Eu[τU < τD;EYτU [Kα(YτD

− z)]
= Eu[τU < τD;Kα(YτU

− z)]
−Eu[τU < τD;Eu[Kα(YτD

− z) ◦ θτU
|FτU

]]
= Eu[τU < τD;Kα(YτU

− z)−Kα(YτD
− z)]

= Eu[Kα(YτU
− z)−Kα(YτD

− z)]
= GD(u, z)−GU (u, z) .

Taking into account

Pu
z {τU\{z} �= ζ} = GD(u, z)−1Eu[τU < τD;GD(YτU

, z)] ,

we obtain the first formula. To prove the second formula we observe that
GD(·, z) is α-harmonic and bounded on D0 = D \ U so

ExGD(YτD0
, z) = GD(x, z)

and

P x
z {τD0 < ζ} = GD(x, z)−1Ex[τD0 < τD;GD(YτD0

, z)]

= GD(x, z)−1ExGD(YτD0
, z) = GD(x, z)−1GD(x, z) = 1 .

��

As a corollary we obtain (compare Lemma 4.4 in [64]):

Corollary 2.16. Assume that y ∈ D with d(y,Dc) > 3δ. Put U = B(y, 3δ).
Then we have

inf
u∈B(y,δ)

Pu{τU = τD} > 0 , inf
u∈B(y,δ)\{y}

Pu
y {τU\{y} = ζ} > 0 . (2.44)

Proof. We first prove the second part of (2.44). In view of Lemma 2.15 we
have that
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Pu
y {τU\{y}= ζ} =

GU (u, y)
GD(u, y)

� GU (u, y)
Kα(u, y)

= 1−A−1
d,α|u− y|d−αEuKα(YτU

, y) .

Observe that we have |u − y| � δ for u ∈ B(y, δ) and also |YτU
− y| > 3δ

which yields EuKα(YτU
, y) � Ad,α(3δ)α−d. This completes the proof of the

second part of (2.44). We now prove the first part. We denote R = diam(D).
Then, by the explicit formula for Poisson kernel for balls (1.57), we obtain

Pu{τU = τD} = Pu{YτU
∈ Dc}

= Pu−y{YτB(0,3δ) ∈ Dc − y} � Pu−y{YτB(0,3δ) ∈ B(0, R)c}

= Cd
α

∫
|z|>R

(
(3δ)2 − |u− y|2
|z|2 − (3δ)2

)α/2
dz

|u− y − z|d

� Cd
α(8δ)α/2ωd

∫ ∞

R

ρd−1 dρ

ρα (ρ + δ)d
� Cd

α (8δ)α/2ωd

(7/6)d α Rα
,

because we have ρ � R > 6δ under the integral sign. By ωd we denote the
surface measure of the unit sphere in Rd. ��

The following lemma is a “conditional” version of Khasminski’s lemma
(see Lemma 2.8). The proof relies on 3G Theorem (2.26) as in [64].

Lemma 2.17. For every ε > 0 there exists η = η(ε,D, q) such that for every
open set U ⊆ D with m(U) < η we have

sup
u∈D,u 
=y

Eu
y

∫ τU\{y}

0

|q(Yt)| dt < ε

and if 0 < ε < 1 then exp(−ε) � Eu
y eq(ζ) � (1− ε)−1.

Proof. Let x, y be in D, x �= y. Applying the definition of transition proba-
bility pD

h of the process conditioned by the function h(·) = G(·, y) and using
Fubini’s Theorem we obtain

Ex
y [
∫ τU

0

|q(Yt)| dt] � Ex
y [
∫ τD

0

1U (Yt)|q(Yt)| dt]

=
∫ ∞

0

∫
U

pD
G(·,y)(t;x, u) |q(u)| du dt

= G(x, y)−1

∫ ∞

0

∫
U

pD(t;x, u) |q(u)|G(u, y) du dt

= G(x, y)−1

∫
U

G(x, u) |q(u)|G(u, y) du .

By 3G Theorem, the last integral is estimated by

C

∫
U

[Kα(x, u) + Kα(u, y)] |q(u)| du ,
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with C depending only on D and q. However, by the properties of Kato class,
we obtain

sup
x∈D

∫
U

Kα(x, u) |q(u)| du −→ 0 ,

as m(U) −→ 0. The last part of the lemma now follows from Khasminski’s
Lemma. ��

By the above lemma, Lemma 2.8 and Corollary 2.44, we easily obtain the
following result (compare Lemma 4.3 in [64]).

Lemma 2.18. Under the notation of Corollary 4.4 there exist constants C1

and C2 such that for every u, v ∈ B(y, δ), v �= y, with δ > 0 small enough we
have

C1 � Eu[τU = τD; eq(τD)] � C2 , C1 � Ev
y [τU\{y} = ζ; eq(ζ)] � C2 .

(2.45)

Proof. We prove the second part of (2.18). The other case is similar and is left
to the reader. Applying Lemma 2.17 with ε = 1/2, we obtain Eu

y [e|q|(τU )] � 2.
Denote the infimum in Corollary 2.16 by C. Then, in view of Jensen’s inequal-
ity, we obtain

Eu
y [eq(τU )|τU = ζ] � exp{Eu

y [
∫ τU

0

q(Yt) dt|τU = ζ]}

� exp{−Eu
y [
∫ τU

0

|q(Yt)| dt|τU = ζ]}

� exp{− 1
C

Eu
y [τU = ζ;

∫ τU

0

|q(Yt)| dt]}

� exp{− 1
C

Eu
y [
∫ τU

0

|q(Yt)| dt]} � exp{− 1
2C

} .

Before stating the next lemma, we introduce some notation. For y ∈ Rd,
|y| > 1 let

I1(y) =
∫

B(0,1)

Ad,α du

|u− y|d+α|u|d−α
, I2(y) =

∫
B(0,1)

Ad,α du

|u− y|d+α
. (2.46)

Lemma 2.19. For all y ∈ Rd such that |y| > 1 we have

I1(y) ≈ I2(y) .

Proof. Clearly, we have I1(y) � I2(y). To show a reverse inequality, de-
note A(y) = B(y/|y|, 1/2) ∩ B(0, 1) , B(y) = B(0, 1) \ A(y) and M(y)
= supu∈B(y) |y − u|−d−α , m(y) = infu∈B(y) |y − u|−d−α . It is not difficult
to see that M(y) � Cm(y). Consequently,
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∫
B(y)

du

|u− y|d+α|u|d−α
� M(y)

∫
|u|<1

du

|u|d−α
� C

ωd

α
m(y)

� C
ωd

α |B(y)|

∫
B(y)

du

|u− y|d+α
.

However, for u ∈ A(y) we have |u| > 1/2, so
∫

A(y)

du

|u− y|d+α|u|d−α
� 2d−α

∫
A(y)

du

|u− y|d+α
.

��

We define the conditional gauge as the gauge function for the conditional
process:

u(x, y) = Ex
y eq(τD\{y}) , x ∈ D , y ∈ D .

Recall the Ikeda-Watanabe formula (1.52): for a bounded domain D with the
exterior cone property the density function of the P x-distribution of YτD

is
given, for x ∈ D, by

Ad,−α

∫
D

GD(x, v)
|v − y|d+α

dv , y ∈ Dc .

The following explains the role of the conditional gauge function (compare
[62, Theorem 6.3]).

Lemma 2.20. If (D, q) is gaugeable then

V (x, y) = u(x, y)GD(x, y) , x, y ∈ D , x �= y . (2.47)

Proof. Since x �= y, by the proof of Lemma 2.12 we obtain that

V (x, ·) |q|(·)GD(·, y) <∞

on the set {(x, y) ∈ D ×D, |x− y| > δ}, for a fixed δ > 0. Applying Fubini’s
theorem,

Ex
y

∫ ζ

0

eq(t) q(Yt) dt =
∫ ∞

0

Ex
y [t < ζ; eq(t) q(Yt)] dt

= GD(x, y)−1

∫ ∞

0

Ex[t < τD; eq(t) q(Yt)GD(Yt, y)] dt

= GD(x, y)−1

∫
D

V (x,w) q(w)GD(w, y) dw .

Since

Ex
y

∫ ζ

0

eq(t) q(Yt) dt = Ex
y

∫ ζ

0

d eq(t)
dt

dt = Ex
y [eq(ζ)− 1] = u(x, y)− 1 ,

by Lemma 2.12 we obtain (2.47). ��
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The preceding lemma yields the following.

Lemma 2.21. Let D be an open regular bounded subset of R
d. Then the

gauge function u(x, y) is continuous and symmetric on D ×D, x �= y.

We thus arrive at the main conclusion of this section: Conditional Gauge
Theorem (CGT).

Theorem 2.22 (CGT). Let D be a bounded Lipschitz domain, q ∈ J α. If
(D, q) is gaugeable (i.e. Exeq(τD) < ∞) then

sup
x,y∈D

u(x, y) < ∞ ,

and, moreover, u has a symmetric continuous extension to D ×D.

Proof. The proof is carried out in several steps.
Step 1. For δ > 0 we put Dδ = {x ∈ D; d(x,Dc) > 3δ}. We choose and fix

throughout the proof δ and a Lipschitz domain U δ such that D\Dδ ⊆ U δ ⊆ D
and for all y ∈ D

sup
u∈D,u 
=y

Eu
y [
∫ τ

0

|q(Yt)| dt] < 1/2 , sup
u∈Rd

Eu[
∫ τ

0

|q(Yt)| dt] < 1/2 ,

with τ = τUδ\{y} or τ = τB(y,3δ)\{y}. By Lemma 2.8 and Lemma 2.17 we
obtain

sup
u∈D,u 
=y

Eu
y e|q|(τ) � 2 , sup

u∈Rd

Eue|q|(τ) � 2 .

We show for x, y ∈ Dδ, x �= y the following:

u(x, y) < C , where C = C(D,α, q, δ) .

Fix x, y ∈ Dδ and denote D0 = D \B(y, δ), U = B(y, 3δ) \ {y} and

T1 = τD0 , Tn = Sn−1 + τD0 ◦ θSn−1 ,

S0 = 0 , Sn = Tn + τU ◦ θTn
, n = 1, 2, ...

Put ζ = τD\{y}. Because of the second formula in Lemma 2.15, the (condi-
tional) process exits from D \ {y} first entering B(y, δ). Hence ζ = Sn, for
some n. Thus, we obtain

Ex
y eq(ζ) =

∞∑
n=1

Ex
y [Tn < ζ, Sn = ζ; eq(ζ)] . (2.48)
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For n = 1, by strong Markov property, we obtain

G(x, y)Ex
y [T1 < ζ, S1 = ζ; eq(ζ)]

= G(x, y)Ex
y [τD0 < ζ; eq(T1){τU = ζ; eq(τU )} ◦ θT1 ]

= G(x, y)Ex
y [τD0 < ζ; eq(T1)E

YT1
y [τU = ζ; eq(τU )]]

= Ex[τD0 < τD; eq(T1)G(YT1 , y)EYT1
y [τU = ζ; eq(τU )]] .

Since τD0 < τD yields YT1 ∈ B(y, δ), using Lemma 2.44 we obtain that the
last term above is equivalent to

Ex[τD0 < τD; eq(T1)G(YT1 , y)] � Ex[eq(T1)G(YT1 , y)] .

Taking into account one term of the series (2.48), we get

G(x, y)Ex
y [Tn < ζ, Sn = ζ; eq(ζ)]

= G(x, y)Ex
y [Tn < ζ; eq(Tn){τU = ζ; eq(τU )} ◦ θTn

]

= G(x, y)Ex
y [Tn < ζ; eq(Tn)E

YTn
y [τU = ζ; eq(ζ)] ]

= Ex[Tn < τD; eq(Tn)G(YTn
, y)EYTn

y [τU = ζ; eq(ζ)] ] .

Since YTn
∈ B(y, δ), whenever Tn < τD, so by Lemma 4.5 we obtain

Ex[Tn < τD; eq(Tn)G(YTn
, y)EYTn

y [τU = ζ; eq(ζ)] ]
≈ Ex[Tn < τD; eq(Tn)G(YTn

, y)]
= Ex[Sn−1 < τD; eq(Sn−1){τD0 < τD; eq(τD0)G(YτD0

, y)} ◦ θSn−1 ]

= Ex[Sn−1 < τD; eq(Sn−1)EYSn−1 [τD0 < τD; eq(τD0)G(YτD0
, y)] ]

= Ex[Sn−1 < τD; eq(Sn−1)EYSn−1 [eq(τD0)G(YτD0
, y)] ] .

Using Ikeda-Watanabe formula for D0 and Lemma 2.19, we have for z ∈ D0

Ez[eq(τD0)G(YτD0
, y)] =

∫
D0

∫
Dc

0∩D

ũ(z, v)G(w, y)
Ad,−α

|v − w|d+α
GD0(z, v) dw dv

�
∫
D0

∫
B(y,δ)̃

u(z, v)Kα(w, y)
Ad,−α

|v − w|d+α
GD0(z, v) dw dv

=
∫
D0

ũ(z, v)Ad,−α δ−d I1

(
y − v

δ

)
GD0(z, v) dv

≈
∫

D0

ũ(z, v)Ad,−α δα−d δ−α I2

(
y − v

δ

)
GD0(z, v) dv

≈ δα−d

∫
D0

∫
B(y,δ)

ũ(z, v)
Ad,−α

|v − w|d+α
GD0(z, v) dw dv

� δα−d

∫
D0

∫
Dc

0

ũ(z, v)
Ad,−α

|v − w|d+α
GD0(z, v) dw dv

= δα−d Ezeq(τD0) ≈ δα−d Ezeq(τD) ≈ δα−d ;
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by gaugeability. Here ũ(z, v) = Ẽz
veq(τD0\{v}) is the conditional gauge of the

set D0.
If Tn−1 < τD, for n � 2, then YTn−1 ∈ B(y, δ) hence by (4) and Lemma

4.5 we obtain

G(x, y)Ex
y [Tn < ζ, Sn = ζ; eq(ζ)] � Cδα−dEx[Sn−1 < τD; eq(Sn−1)]

= Cδα−dEx[Tn−1 < τD; eq(Tn−1){τU < τD; eq(τU )} ◦ θTn−1 ]

= Cδα−dEx[Tn−1 < τD; eq(Tn−1)EYTn−1 [τU < τD; eq(τU )] ]
� 2Cδα−dEx[Tn−1 < τD; eq(Tn−1)]

≈ 2Cδα−dEx[Tn−1 < τD; eq(Tn−1)EYTn−1 [τU = τD; eq(τU )] ]
= 2Cδα−dEx[Tn−1 < τD, Sn−1 = τD; eq(τD)] .

Thus

G(x, y)Ex
y eq(ζ) = G(x, y)

∞∑
n=1

Ex
y [Tn < ζ, Sn = ζ; eq(ζ)]

� Cδα−d (1 +
∞∑

n=2

Ex[Tn−1 < τD, Sn−1 = τD; eq(τD)])

� Cδα−d (1 + Exeq(τD)) .

Recall that x, y satisfy the conditions d(x,Dc) > 3δ, d(y,Dc) > 3δ and
|x− y| � diam(D) < ∞. We obtain (compare [62], Lemma 6.7)

G(x, y) � C ′|x− y|α−d � C ′ (diam(D))α−d ,

with C ′ = C ′(D,α, q, δ). This clearly ends the proof of Step 1.
Step 2. In this step we remove the condition d(x,Dc) > 3δ imposed on

x ∈ D in (5).
To do this, assume that y ∈ Dδ but d(x,Dc) � 3δ. Let U δ be as in Step 1.

Denote U = U δ \ {y}. Then we have

u(x, y) = Ex
y [τU = ζ; eq(τU )] + Ex

y [τU < ζ; eq(τU )u(YτU
, y)]

� Ex
y e|q|(τU ) (1 + sup

w∈Dδ,w 
=y
u(w, y)) .

By Step 1 and properties of U δ, we obtain the conclusion.
Step 3. In this step we apply the symmetry of the function u(x, y) in

x , y ∈ D to finish the proof of the boundedness of u.
Observe that the symmetry of u along with Step 2 settle the case when

x ∈ Dδ and y ∈ Dc
δ. It remains only the case when x �= y, x, y ∈ Dc

δ.
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To resolve this case, we proceed exactly as in Step 2 to obtain

u(x, y) = Ex
y [τU = ζ; eq(τU )] + Ex

y [τU < ζ; eq(τU )u(YτU
, y)] .

If τU < ζ then d(YτU
,Dc) > 3δ which reduces the proof to the case x ∈

Dδ, y ∈ Dc
δ. By Step 2 and symmetry of u, we obtain the conclusion. This

completes the proof of the theorem. ��

Concluding remarks. We like to note that in the proof of CGT for
Δ ([62]) one first considers conditioning by the boundary (Martin kernel).
The boundedness of the conditional gauge for interior points of the domain
is then obtained as an easy corollary by considering the further evolution
of the Brownian motion till it hits the boundary. For Δα/2 (0 < α < 2),
due to the jumps of the process, the more important is the boundedness
of the conditional gauge in the interior of D (conditioning by the Green
function), and it cannot be obtained easily from the boundary behavior of
the conditional gauge. Instead, we obtain the boundedness of the conditional
gauge on the boundary as an easy corollary by approximation from within
the domain.

We should also observe that the recent advances in the understanding of
the role of the 3G Theorem allow for analytic proofs of CGT in this and
other settings, by using the perturbation series. We refer the reader to [85] for
details, and to [84] for the general perspective on the role of BHP in proving
3G. Such an approach has the advantage of being more explicit, algebraic,
and discrete, paralleling the definition of the exponential function in terms
of the power series, rather than differential equations. On the other hand,
the probabilistic setting allows for intrinsic interpretations and verbalization
of the proofs in terms of mass and trajectories of stochastic processes. The
authors may only wonder which of these two approaches is more the reality,
and which is more the language.

We want to conclude our discussion by mentioning a few directions of
further research. First, it seems important to obtain an approximate factor-
ization of the Green function for general (non-Lipschitz) domains, by using
[38]. Second, it is of interest to study the asymptotics of the Martin kernel
for narrow cones, and use the setup of [5] to complete the results of [111].
Third, it is of paramount importance to give sharp estimates for the transi-
tion density of the killed process. Fourth, it seems important to generalize the
results discussed above to other stable Lévy processes ([40]), to more general
jump type Markov processes, and to more general additive perturbations of
their generators ([36, 52, 102, 82, 83]).



Chapter 3

Nontangential Convergence
for α-harmonic Functions

by M. Ryznar

3.1 Introduction

Let D be the open unit circle in R
2 and f be a bounded classical harmonic

function on D; that is Δf = 0 on D. In 1906 Fatou (see [75]) proved that

lim
x→Q∈∂D

f(x) exists a.s.,

where the limit is nontangential. That is x → Q ∈ ∂D and x ∈ ΓQ - a
bounded cone with vertex Q which is included in D (see picture below).

Q

x

Littlewood in 1927 (see [120]) proved the sharpness of Fatou’s result. For
any tangential curve γ contained in the disk D ending at 1 there is a bounded
harmonic function such that for almost every θ the limit

lim
x→eiθ,x∈γeiθ

f(x) does NOT exist.

K. Bogdan et al., Potential Analysis of Stable Processes and its Extensions,
Lecture Notes in Mathematics 1980, DOI 10.1007/978-3-642-02141-1 3,
c© Springer-Verlag Berlin Heidelberg 2009
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q

The theorem of Fatou was later extended to much more general domains
in R

d. The following authors contributed in solving the problem of the nontan-
gential convergence under various assumptions on the domain D using either
analytical or probabilistic methods: Hunt and Wheeden (1968) [94], Ancona
(1978) [3], Jerison and Kenig (1982) [100], Doob(1984) [71], Bass(1995) [10],
Chen, Durret and Ma (1997) [46].

Theorem 3.1 (Fatou’s Theorem). If f ≥ 0 is a harmonic function on a
Lipschitz domain D, that is Δf = 0 on D, then the nontangential (finite)
limit

lim
x→Q∈∂D

f(x)

exists a.s. with respect to the surface measure of ∂D. The limit has to be
taken nontangentially, that is |x−Q| < tδx(D), where t > 0 is fixed.

Q

X

Another problem which may be of interest is the boundary behav-
ior of ratios of positive harmonic functions. Does the nontangential limit
limx→Q∈∂D

f(x)
g(x) exist? For the unit ball the result was obtained by Doob

(1959) in [72]. The case of Lipschitz bounded domains was considered by Wu
(1978) in [153].
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Theorem 3.2 (Relative Fatou’s Theorem). If f, g ≥ 0 are harmonic
functions on a Lipschitz domain D, that is Δf = 0 on D, having the Martin
representation f(x) =

∫
∂D

MD(x, z)μ(dz), g(x) =
∫

∂D
MD(x, z)ν(dz), where

MD(x, z) is the Martin kernel of D and μ, ν are finite positive measures on
∂D. Then the nontangential (finite) limit

lim
x→Q∈∂D

f(x)
g(x)

exists a.s. with respect to the measure ν.

A natural question arises if both Fatou’s theorems could be proved for
α-harmonic function, 0 < α < 2 (for the definition see the next section).

The following example exhibits that the behavior of the α-harmonic func-
tions, α < 2, is less regular than in the classical case.

Example 3.3. Let α < 2. Suppose that D is the open unit ball in R
d. Then

the function
f(x) = (1− |x|2)α/2−1, |x| < 1

f(x) = 0, |x| ≥ 1

is α-harmonic in D and

lim
x→Q∈∂D

f(x) = ∞.

Bass and You (2003) in [15] provide examples of positive bounded α-
harmonic functions on a half-space such that the nontangential limit does
not exist at almost all points of the boundary. They also gave some sufficient
conditions for the nontangential convergence.

There are probabilistic proofs of the Fatou theorem taking the advantage
of the fact that for harmonic f ≥ 0 and a Brownian motion Wt,

Mt = f(Wt∧τD
)

is a positive supermartingale and Wt∧τD
hits the boundary at the exiting

time τD.
Let us remark that for the α-stable process, α < 2, due to its jumping

nature, this argument can not be applied. Nevertheless it turns out that the
relative Fatou theorem for α-harmonic functions holds at least for some points
of the boundary but we need to impose some further assumptions on the
functions (see Theorem 3.4). Namely we need to consider so called singular
α-harmonic functions, which are precisely defined in the next section.
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3.2 Basic Definitions and Properties

We assume that (Xt, P
x) is a rotation invariant (isotropic) α-stable Lévy mo-

tion on R
d, d ≥ 2 with index α ∈ (0, 2). That is it has independent stationary

increments and its characteristic function is given by the following formula:

E0eiz·Xt = e−t|z|α , z ∈ R
d.

For an open set D ⊂ R
d we define its first exit time τD = inf{t � 0 : Xt /∈

D}. One of the basic objects in the potential theory of the stable process is
the so-called α-harmonic measure of D given by

ωx
D(B) = P x(XτD

∈ B), B ⊂ Dc, x ∈ R
d.

Recall that an open D is a Lipschitz set if there exist constants R0 (local-
ization radius) and λ > 0 (Lipschitz constant) such that for every Q ∈ ∂D
there is a function F : R

d−1 → R and an orthonormal coordinate system
y = (y1, ..., yd) such that

D ∩B(Q,R0) = {y : yd > F (y1, ..., yd−1)} ∩B(Q,R0).

Moreover F is Lipschitz with the Lipschitz constant not greater than λ.
If F is differentiable and ∇F is Lipschitz with the Lipschitz constant not

greater than λ then D is called a C1,1 set.

Fig. 3.1 Typical
Lipschitz domain

R0

Q
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If D is a bounded Lipschitz set then ωx
D(∂D) = 0 and ωx

D has the density
with respect to the Lebesgue measure called the Poisson kernel of D,

PD(x, y), x ∈ D, y ∈ (D)c.

When D = B(0, r), r > 0, the Poisson kernel is given by an explicit
formula:

Pr(x, y) = Cd,α

(
r2 − |x|2
|y|2 − r2

)α/2 1
|x− y|d , |x| < r, |y| > r,

where Cd,α = Γ(d/2)π−d/2−1 sin(πα/2) (see [25]).
A Borel function h on R

d is said to be α-harmonic on D if for each bounded
open set B with B ⊂ D and for x ∈ B we have

h(x) = Exh(XτB
),

where the last integral is absolutely convergent. If h ≡ 0 on Dc then it is
called singular α-harmonic on D. On the other hand h is called regular
α-harmonic on D if

h(x) = Exh(XτD
).

For example the harmonic measure ωx
D(B) for a fixed B is regular α-harmonic

on D as a function of x.
We define the Riesz potential by the formula

U(x− y) =
∫ ∞

0

pt(x− y)dt = Ad,α|x− y|α−d,

where pt(x − y) is the transition density of the process Xt and Ad,α is a
positive constant dependent on d, α.

The Green function of D is defined as

GD(x, y) = Ad,−α(|x− y|α−d − Ex|y −XτD
|α−d), x, y ∈ D,x �= y.

A very important result in the potential theory of the stable process is

Boundary Harnack Principle (BHP). Let D be a Lipschitz domain and
U an open subset of R

d, K a compact subset of U such that K ∩ D �= ∅.
There exists co ∈ (0,∞) such that for every u, v � 0, α-harmonic in D and
vanishing continuously on Dc ∩ U , with u(x0) = v(x0) for fixed x0 ∈ K we
have

cov(y) � u(y) � c−1
o v(y) ,

for all y ∈ K ∩D.

This result was proved by Bogdan [27]. See also [150].
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Another important object of the potential theory is the so-called Martin
kernel. It may be defined as the following limit, which exists due to BHP:

M(x, z) = lim
D	y→z

GD(x, y)
GD(x0, y)

, x ∈ D, z ∈ ∂D,

where x0 ∈ D is a reference point chosen at our convenience.
Every nonnegative singular α-harmonic function on D has a unique rep-

resentation called the Martin representation. That is

f(x) =
∫

∂D

M(x, z)μ(dz),

where μ is a finite measure on ∂D (see Chen and Song (1998) [50] or Bogdan
(1999)[28]).

For the unit ball and x0 = 0:

M(x, z) =
(1− |x|2)α/2

|x− z|d , |x| < 1; |z| = 1.

Let us observe that taking the uniform measure on the unit sphere one
can easily show that the function

f(x) = (1− |x|2)α/2−1, |x| < 1; f(x) = 0, |x| ≥ 1,

is an example of a singular α-harmonic function on the unit ball. Recall that
this is the function from Example 3.3.

3.3 Relative Fatou Theorem for α-Harmonic Functions

Throughout the whole section we assume that D is a Lipschitz bounded set
unless stated otherwise. Suppose that u(x), v(x) are two nonnegative singular
α-harmonic functions, 0 < α < 2, determined by two Borel finite measures
concentrated on ∂D. That is

u(x) =
∫

∂D

M(x, z)μ(dz), v(x) =
∫

∂D

M(x, z)ν(dz).

Next we can write the following decomposition of the measure μ(dz):

dμ = fdν + dμs,

where μs is singular to ν and f ∈ L1(ν) is a positive function.
The first result about the boundary limit behavior of the ratio of u(x) and

v(x) was obtained by Bogdan and Dyda (2003) in [34] for the special case
dμ = fdσ, where σ is the Haussdorff surface measure concentrated on ∂D for
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a bounded C1,1 open set. They showed that for σ-almost every point Q ∈ ∂D
we have

lim
x→Q

u(x)
v(x)

= f(Q),

provided that the limit is taken nontangentially. Then that result was gener-
alized independently to the general setting for Lipschitz sets by Michalik and
Ryznar 2004 [124] and Kim (2006) [101]. As a matter of fact Kim in [101]
studied even more general sets than Lipschitz: namely he considered so called
κ-fat sets (see Remark 3.5 below)

Theorem 3.4. For ν-almost every point Q ∈ ∂D we have

lim
x→Q

u(x)
v(x)

= f(Q)

as x→ Q nontangentially.

The methods used in [124] and [101] to prove Theorem 3.4 are different.
While the proof in [124] is mostly analytical then [101] uses more probabilistic
arguments. In the rest of this section we provide the outline of the proof from
[124]. We start with reminding some estimates of the Martin kernel and then
we provide the proof of the maximal estimate (see Lemma 3.6) which is the
main tool in establishing Theorem 3.4.

Useful Estimates for Martin Kernel
The basic estimates for M were obtained by Jakubowski (2002) in [98].

Before stating this result we need to define points AQ,r, Q ∈ ∂D, r > 0. Let
x0 ∈ D be a fixed reference point. For r ≤ R0/32 we denote by AQ,r a point
for which

B(AQ,r, κr) ⊂ B(Q, r) ∩D (3.1)

for a certain absolute constant κ = κ(D) = 1/(2
√

1 + λ2). For r > R0/32
we set AQ,r = x1, where x1 ∈ D is such that |x0 − x1| = R0/4. The picture
below explains how to locate AQ,r.

Q

A
Q,r

r
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Remark 3.5. There are non-Lipschitz sets for which the property (3.1) holds
with some κ and 0 < r ≤ r0. Sets for which (3.1) holds are called κ-fat.

The above mentioned result from [98] states that

c
φ(x)

|x− z|d−αφ2(Az,|x−z|)
≤M(x, z) ≤ C

φ(x)
|x− z|d−αφ2(Az,|x−z|)

, (3.2)

where c, C depend on d, α, λ and

φ(x) = min(GD(x, x0), Cd,α(R0/4)α−d).

If D is a C1,1 domain then Kulczycki (1997) in [109], Chen and Song (1998)
in [51] showed that

c
δx(D)α/2

|x− z|d ≤M(x, z) ≤ C
δx(D)α/2

|x− z|d ,

where δx(D) = dist (∂D, x).
To take advantage of (3.2) one has to estimate the function φ(x). This can

be achieved by considering cones and their Martin kernels (see [5]).
An unbounded circular cone with vertex at 0 = (0, 0, ..., 0) and symmetric

with respect to the d-th axis is a set Γ defined as

Γ = {x : η · |(x1, x2, ..., xd−1)| < xd},

where η ∈ (−∞,∞), see Figure 3.2 below. The aperture of Γ is the angle
γ = arccos(η/

√
1 + η2) ∈ (0, π).

Let Γ be a cone with vertex at 0 and aperture γ ∈ (0, π). Assume that
1 = (0, 0, ..., 0, 1). From Bogdan and Bañuelos (2003) [5] there exists a unique
nonnegative function MΓ on R

d the Martin kernel with pole at infinity called
such that MΓ(1) = 1, MΓ ≡ 0 on Γc and MΓ is regular α-harmonic on
every open bounded subset of Γ. Moreover, MΓ is locally bounded on R

d and
homogeneous of degree β ∈ [0, α), that is,

MΓ(x) = |x|βMΓ(x/|x|), x ∈ Γ.

Furthermore, β = β(Γ, α) called the characteristic of Γ is a strictly decreasing
function of γ. An exact relationship between the aperture and the charac-
teristic of Γ is not well known except a few cases including γ = π/2, that is
when Γ is a half-space. In this case MΓ(x) = x

α/2
d , x ∈ Γ, so β = α/2.

For a cone Γ with vertex at Q (obviously isometric to some cone with
vertex at 0) we define a bounded cone Γr = Γ∩B(Q, r). For any Q ∈ ∂D, by
the properties of Lipschitz sets we know that there exists R0 > 0 such that
for every r ≤ R0 there exist cones Γ, Γ̃ such that
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0

1

g

Fig. 3.2 Bounded and unbounded circular cones

Q

Fig. 3.3 Inner cone and covering cone

Γr ⊂ D ∩B(Q,R0) ⊂ Γ̃r.

Here β, β̃ may depend locally on Γ, r. We will call Γr an inner bounded cone
and Γ̃r a covering bounded cone (see Figure 3.3).

There are r0 and β0, β̃0 such that cones with characteristic β0 ≥ β̃0, re-
spectively, are universal for every boundary point:

B(AQ,r0 , κr0) ⊂ Γr0 ⊂ Γ̃r0
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and
Γr0 ⊂ B(Q, r0) ∩D ⊂ Γ̃r0 .

These observations enable a comparison between the function φ and the Mar-
tin kernels of the inner bounded cone or the covering bounded cone locally
at the vicinity of Q or globally if we use cones with characteristics β0 ≥ β̃0.
The Boundary Harnack Principle together with optimal estimates of Martin
kernels for cones (see [123]) give tools to get useful estimates for the Martin
kernel M(x, z) of D. For the proofs of following Lemmas 3.6, 3.8 and 3.9 see
[124].

Lemma 3.6. Let r ≤ R0. For Q ∈ ∂D consider an inner bounded cone
Γr and a covering bounded cone Γ̃r with characteristics β, β̃ . Moreover, let
|x − Q| ≤ |x − z|. Then there exist constants c = c(r,D, β, β̃) and C =
C(r,D, β, β̃) such that

c

(
|x−Q|
|x− z|

)d−α+2β

≤ M(x, z)
M(x,Q)

≤ C

(
|x−Q|
|x− z|

)d−α+2β̃

.

Corollary 3.7. Let z, z′ ∈ ∂D, x ∈ D and |x − z′| ≤ |x − z| . There are
universal β0 ≥ β̃0 both smaller than α such that there exist constants c =
c(R0,D, β0, β̃0) and C = C(R0,D, β0, β̃0) such that

c

(
|x− z′|
|x− z|

)d−α+2β0

≤ M(x, z)
M(x, z′)

≤ C

(
|x− z′|
|x− z|

)d−α+2β̃0

.

Lemma 3.8. Let r ≤ R0. For Q ∈ ∂D consider an inner bounded cone Γr

and a covering bounded cone Γ̃r. Moreover, let |z−Q| ≤ 2|x− z|. Then there
exist constants c = c(r,D, β, β̃) and C = C(r,D, β, β̃) such that

c
φ(x)

|x− z|d−α+2β̃
≤M(x, z) ≤ C

φ(x)
|x− z|d−α+2β

.

Furthermore, if β = β0 and β̃ = β̃0 then c = c(R0,D, β0, β̃0) and C =
C(R0,D, β0, β̃0). In this case the above estimates hold for all z ∈ ∂D, x ∈ D.

Lemma 3.9. If v(x) =
∫

∂D
M(x, z)ν(dz) then

lim inf
x→Q

v(x) > 0

for ν almost all Q provided the limit is nontangential.

As an immediate consequence of the above lemma and the well known fact

GD(x, x0) → 0 if x→ Q
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we have that

GD(x, x0)
v(x)

→ 0 as x→ Q (3.3)

for ν almost all Q provided the limit is nontangential.
Now we can easily show that if dμ = fdν and f is continuous at Q then

the ratio of u and v converges to f for all such points Q that (3.3) holds. To
see this we define

I1(x) =
∫

∂D∩{|z−Q|≥ε}
|f(z)− f(Q)|M(x, z)ν(dz),

I2(x) =
∫

∂D∩{|z−Q|<ε}
|f(z)− f(Q)|M(x, z)ν(dz).

and then

∣∣∣∣u(x)
v(x)

− f(Q)
∣∣∣∣ ≤
∫

∂D
|f(z)− f(Q)|M(x, z)ν(dz)

v(x)

=
I1(x)
v(x)

+
I2(x)
v(x)

.

At first we estimate the term I1(x)
v(x) . By Lemma 3.4,

M(x, z) ≤ C
φ(x)

|x− z|d−α+2β0
≤ C

GD(x, x0)
|x− z|d−α+2β0

.

If |z −Q| ≥ ε and |x−Q| ≤ ε/2 then |x− z| ≥ ε/2. This implies

M(x, z) ≤ C(ε)GD(x, x0).

Hence

I1(x) =
∫

∂D∩{|z−Q|≥ε}
|f(z)− f(Q)|M(x, z)ν(dz)

≤ C(ε)|μ|GD(x, x0)
∫

∂D

|f(z)− f(Q)|ν(dz),

which together with (3.3) shows that

I1(x)
v(x)

→ 0, as x→ Q. (3.4)

Observe that the above limit holds without the continuity assumption.
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Next, note that

I2(x) ≤ sup
|z−Q|≤ε

|f(z)− f(Q)|v(x)

hence
I2(x)
v(x)

≤ sup
|z−Q|≤ε

|f(z)− f(Q)| → 0, as ε→ 0

by the continuity of f at Q.
To provide the proof of the relative Fatou theorem in the general case we

need the following crucial lemma.

Lemma 3.10 (Nontangential Maximal Estimate). Suppose that

u(x) =
∫

∂D

M(x, z)μ(dz), v(x) =
∫

∂D

M(x, z)ν(dz).

For any x ∈ D, Q ∈ ∂D and t > 0 such that |x − Q| ≤ tδx(D) there exist
constants C = C(t,Q), c = c(t,Q) such that

u(x)
v(x)

≤ C sup
r>0

μ(B(Q, r))
ν(B(Q, r))

.

Proof. For n ≥ 1 set
Bn = B(Q, 2n|x−Q|)

and
A1 = B1, An = Bn \Bn−1, n ≥ 2.

x

z
A2 A1 Q

If z ∈ A1 then

|x−Q|/t ≤ δx ≤ |x− z| ≤ 3|x−Q|.
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If z ∈ An then

(2n−1 − 1)|x−Q| ≤ |x− z| ≤ (2n + 1)|x−Q|.

Define an = supz∈An
M(x, z), z ∈ An and observe that by Lemma 3.2

an ≈ M(x, z), z ∈ An.

If z′ ∈ An and z ∈ Ak, k > n then

|x− z′| ≤ 4|x− z|.

Hence by Lemma 3.2 we obtain

M(x, z) ≤ CM(x, z′)

for some C ≥ 1 dependent on t and Q. It implies that ak ≤ Can for k > n
and for

bn = sup
k≥n

ak, n ≥ 1,

this yields
an ≤ bn ≤ Can.

Then we obtain

u(x) =
∫

∂D

M(x, z)μ(dz) =
n0∑

n=1

∫
An

M(x, z)μ(dz)

≈
n0∑

n=1

anμ(An)

≈
n0∑

n=1

bnμ(An),

where n0 be the smallest index for which 2n0 |x−Q| ≥ diam(D). Denote

R = sup
r>0

μ(B(Q, r))
ν(B(Q, r))

Now summation by parts yields (note that bn is nonincreasing):

u(x) ≈
n0∑

n=1

bnμ(An) =

=
n0∑

n=2

(bn−1 − bn)
μ(Bn)
ν(Bn)

ν(Bn) + bn0

μ(Bn0)
ν(Bn0)

ν(Bn0)
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≤ R

(
n0∑

n=2

(bn−1 − bn)ν(Bn) + bn0ν(Bn0)

)

= R

n0∑
n=1

bnν(An)

≈ Rv(x). ��

Now we can complete the proof of Theorem 3.4. Let μ̃(dz) = |f(z) −
f(Q)|ν(dz) + μs(dz). Then

∣∣∣∣u(x)
v(x)

− f(Q)
∣∣∣∣ ≤
∫

∂D

M(x, z)μ̃(dz)/v(x)

≤
∫

∂D∩{|z−Q|≥ε}
M(x, z)μ̃(dz)/v(x)

+
∫

∂D∩{|z−Q|<ε}
M(x, z)μ̃(dz)/v(x).

The first term converges to 0, by the same argument as leading to (3.4),
if x → Q and (3.3) holds. To take care of the second term we apply the
Maximal Inequality to arrive at

∫
∂D∩{|z−Q|<ε}

M(x, z)μ̃(dz)/v(x)

≤ C

(
sup
r≤ε

∫
∂D∩B(Q,r)

|f(z)− f(Q)|ν(dz)

ν(B(Q, r))
+ sup

r≤ε

μs(B(Q, r))
ν(B(Q, r))

)

Next, observe that the set of points Q for which the limit

lim
ε→0

(
sup
r≤ε

∫
∂D∩B(Q,r)

|f(z)− f(Q)|ν(dz)

ν(B(Q, r))
+ sup

r≤ε

μs(B(Q, r))
ν(B(Q, r))

)
�= 0 (3.5)

is of ν measure zero. This completes the sketch of the proof of Theorem 3.4.
Note that the advantage of the above proof is that we can identify the

points Q ∈ ∂D for which the ratio converges. Namely these are points for
which (3.3) and (3.5) hold.

3.4 Extensions to Other Processes

At first we consider the relativistic α-stable process 0 < α < 2. This is a Lévy
process which characteristic function is of the form

E0eiz·Yt = e−t((|z|2+m2/α)α/2−m), z ∈ R
d,
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where m > 0 is a parameter (see also Example 5.9 below). For m = 0 it
reduces to the isotropic α-stable process. The generator of this process is
given by

Am = m−
(
−Δ + m2/α

)α/2

.

To explain the name relativistic observe that if α = 1 the generator is related
to the kinetic energy of the relativistic particle of mass m, see [45]. If νY is
the Lévy measure of Yt and νX is the Lévy measure of Xt (isotropic stable)
then (see [134]) νX − νY is a finite positive measure, which is equivalent to
the fact that Am − A0 is a bounded operator. It suggests that the potential
theory of such a process should bear a lot of similarity with the potential
theory of the stable process. This is the case if we study properties of the
process killed after exiting a bounded open set.

Theorem 3.11 (Green Function Estimates). Let D be an open Lips-
chitz bounded set. There is a positive constant C = C(D) such that

C−1GX
D(x, y) ≤ GY

D(x, y) ≤ CGX
D(x, y), x, y ∈ D, (3.6)

where GX
D , GY

D are corresponding Green functions of D.

Remark 3.12. The comparison above may not hold for unbounded sets. In
the paper [83] optimal estimates for the Green function of a half-space are
derived and they exhibit that the Green function is comparable to the Brown-
ian Green function for the points away from the boundary and not too close
to each other.

For a bounded open C1,1 set D the comparison (3.6) was proved by Ryznar
(2002) [134] and by another method by Chen and Song (2003) [53]. Later on
that result was proved for bounded open Lipschitz sets by Grzywny, Ryznar
(2006) [82] and for κ-fat sets by Kim and Lee (2006) [102].

This estimate plus some other properties of the Lévy measure of Y will
allow to study potential theory for the relativistic process very much the
same as for the stable process provided that D is bounded and Lipschitz. For
example one can prove the existence of the Martin kernel of D for the process
Y and show that relative Fatou’s theorem holds for nonnegative functions
defined by the Martin kernel MY

D (x, z):

h(x) =
∫

∂D

MY
D (x, z)μ(dz).

Such a result for example was proved in [101] and [102], where a class of
nonlocal Feynman-Kac transforms of the stable process was studied. The
relativistic stable process is included in this class. It is easy to see that the
proof presented in the previous section will go through in the relativistic case
since due to Theorem 3.11 we are able to derive all needed estimates for the
Martin kernel of Y .
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Theorem 4.1 suggests that we should expect a similar result if we take
as Yt any Lévy process with its Lévy measure sufficiently close to the Lévy
measure νX . Let

E0eiz·Yt = e−t
∫

Rd (1−cos(z·w))νY (dw),

where νY is the Lévy measure of Yt and we assume that

νY − νX is a finite signed measure.

Question. Is there a positive constant C such that

C−1GX
D(x, y) ≤ GY

D(x, y) ≤ CGX
D(x, y), x, y ∈ D?

Theorem 3.13. Suppose that D is an open bounded set. If νX ≥ νY then

GY
D(x, y) ≤ CGX

D(x, y).

If νX ≤ νY then
GX

D(x, y) ≤ CGY
D(x, y)

This result was proved by Grzywny and Ryznar (2006) in [82]. Under the
additional assumption about the densities νX(x), νY (x) of the corresponding
Lévy measures:

|νX(x)− νY (x)| ≤ C|x|−d+�, |x| ≤ 1, � > 0,

the answer for the raised question is positive but we need to assume that D
is bounded Lipschitz and connected (see [82]). Namely there is a constant C
such that

C−1GX
D(x, y) ≤ GY

D(x, y) ≤ CGX
D(x, y), x, y ∈ D.

The assumption that D is connected is not to avoid, since the Lévy measure
νY can be concentrated on some neighborhood of the origin so the process
can only make small jumps, so GD(x, y) might be 0 if D has components far
away from each other. This will not happen for the stable case.

For open bounded κ-fat sets the result can be deduced under some ad-
ditional assumptions on the behavior of the Lévy measure at ∞ from the
results of Kim and Lee (2006) [102].

The comparability of the Green functions allows to prove many properties
similar to those possessed by the stable process. Again we can expect the
relative Fatou theorem holds however some further assumptions are necessary.
For example for the truncated stable process, that is if νY = νX |B(0,R), R >
0, the relative Fatou theorem is true for connected bounded κ - fat sets. This
is a recent result obtained by Kim and Song in [104](see also [103]).



Chapter 4

Eigenvalues and Eigenfunctions for Stable
Processes

by T. Kulczycki

4.1 Introduction

Let Xt be a symmetric α-stable process in R
d, α ∈ (0, 2]. This is a process with

independent and stationary increments and characteristic function E0eiξXt =
e−t|ξ|α , ξ ∈ R

d, t > 0. We will use Ex, P x to denote the expectation and
probability of this process starting at x, respectively. By p(t, x, y) = pt(x−y)
we will denote the transition density of this process. That is,

P x(Xt ∈ B) =
∫

B

p(t, x, y) dy.

When α = 2 the process Xt is just the Brownian motion in R
d running at

twice the speed. That is, if α = 2 then

p(2)(t, x, y) =
1

(4πt)d/2
e

−|x−y|2
4t , t > 0, x, y ∈ R

d. (4.1)

When α = 1, the process Xt is the Cauchy process in R
d whose transition

densities are given by

p(1)(t, x, y) =
cd t

(t2 + |x− y|2)(d+1)/2
, t > 0, x, y ∈ R

d, (4.2)

where
cd = Γ((d + 1)/2)/π(d+1)/2.

We are mainly interested in the eigenvalues and eigenfunctions of the
semigroup {PD

t }t≥0 of the process Xt killed upon exiting a domain D ⊂ R
d.

Let D ⊂ R
d be a domain with finite Lebesgue measure m(D) < ∞ and

τD = inf{t ≥ 0 : Xt /∈ D}

K. Bogdan et al., Potential Analysis of Stable Processes and its Extensions,
Lecture Notes in Mathematics 1980, DOI 10.1007/978-3-642-02141-1 4,
c© Springer-Verlag Berlin Heidelberg 2009
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be the first exit time of D. By {PD
t }t≥0 we denote the semigroup on L2(D)

of Xt killed upon exiting D. That is,

PD
t f(x) = Ex(f(Xt), τD > t), x ∈ D, t > 0, f ∈ L2(D).

The semigroup has transition densities pD(t, x, y) satisfying

PD
t f(x) =

∫
D

pD(t, x, y)f(y) dy.

The kernel pD(t, x, y) is strictly positive symmetric and

pD(t, x, y) ≤ p(t, x, y) ≤ cα,d t−d/α, x, y ∈ D, t > 0.

It follows that
∫

D

∫
D

p2
D(t, x, y) dx dy ≤ c2

α,d t−2d/αm(D)2 < ∞

so for any t > 0 the operator PD
t is a Hilbert-Schmidt operator. Hence for

any t > 0 the operator PD
t is compact. From the general theory of semigroups

it follows that there exists an orthonormal basis of eigenfunctions {ϕn}∞n=1

for L2(D) and corresponding eigenvalues {λn}∞n=1 satisfying

0 < λ1 < λ2 � λ3 � . . .

with λn →∞ as n →∞. That is, the pair {ϕn, λn} satisfies

PD
t ϕn(x) = e−λntϕn(x), x ∈ D, t > 0. (4.3)

We also have

pD(t, x, y) =
∞∑

n=1

e−λntϕn(x)ϕn(y).

The eigenfunctions ϕn are continuous and bounded on D. In addition, λ1

is simple and the corresponding eigenfunction ϕ1, often called the ground
state eigenfunction, is strictly positive on D. For more general properties of
the semigroups {PD

t }t≥0, see [79], [24], [54].
Let A be the infinitesimal generator of the semigroup {PD

t }t≥0. We have

Aϕn(x) = lim
t→0

PD
t ϕn(x)− ϕn(x)

t

= lim
t→0

e−λnt − 1
t

ϕn(x)

= −λnϕn(x).
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For any t > 0 we also have

|ϕn(x)| = eλnt

∣∣∣∣
∫

D

pD(t, x, y)ϕn(y) dy

∣∣∣∣
≤ eλnt||ϕn||∞

∫
D

pD(t, x, y) dy

= eλnt||ϕn||∞P x(τD > t) → 0,

when x → x0 ∈ ∂D and x0 is a regular point. We say that x0 ∈ ∂D is a
regular point when P x

0 (τD = 0) = 1. It may be shown that if D satisfies the
outer cone condition at x0 ∈ ∂D then x0 is regular.

It follows that if all points on ∂D are regular we have

⎧⎨
⎩
Aϕn(x) = −λn(x), x ∈ D

ϕn(x) = 0, x ∈ ∂D.

When α = 2 and Xt is Brownian motion the semigroup {PD
t }t≥0 is just

the heat semigroup. Eigenvalues and eigenfunctions are the solutions of the
eigenvalue problem for the Dirichlet Laplacian :

⎧⎨
⎩

Δϕn(x) = −λn(x), x ∈ D

ϕn(x) = 0, x ∈ ∂D.

For example when D = (0, π)

ϕn(x) =
√

2/π sin(nx), λn = n2.

Indeed
sin′′(nx) = −n2 sin(nx), sin(0) = sin(nπ) = 0.

In particular the first eigenfunction is strictly positive on D = (0, π)

ϕ1(x) =
√

2/π sin(x).

The second eigenfunction changes the sign once on D = (0, π)

ϕ2(x) =
√

2/π sin(2x).

Let us observe that eigenfunctions in this example satisfy the following
property: nth eigenfunction ϕn has exactly n nodal domains. A nodal domain
for an eigenfunction ϕ is any connected component of a set on which ϕ has
a constant sign.
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In general, the eigenfunctions of the eigenvalue problem for the Dirichlet
Laplacian satisfies the Courant-Hilbert nodal domain theorem, which states
that the n-th eigenfunction has no more than n nodal domains.

When α ∈ (0, 2) eigenfunctions and eigenvalues satisfy

⎧⎨
⎩
−(−Δ)α/2ϕn(x) = −λn(x), x ∈ D

ϕn(x) = 0, x ∈ Dc,
(4.4)

where

−(−Δ)α/2f(x) = lim
ε↓0
Ad,−α

∫
|x−y|>ε

f(y)− f(x)
|y − x|d+α

dy.

with Ad,γ = Γ((d − γ)/2)/(2γπd/2|Γ(γ/2)|). Nevertheless, in the case α ∈
(0, 2) the operator −(−Δ)α/2 is a pseudodifferential nonlocal operator and
it is very difficult to obtain some properties of the semigroup and its eigen-
functions and eigenvalues using equations (4.4).

4.2 Intrinsic Ultracontractivity (IU)

Intrinsic ultracontractivity is the property of the semigroup which is very
useful in studying spectral properties of the eigenvalues and eigenfunctions
cf. [6].

Definition 4.1. The semigroup {PD
t }t≥0 is intrinsically ultracontractive

(IU) when for any t > 0 there exists ct such that for any x, y ∈ D we
have

∀t > 0 ∃ct < ∞ ∀x, y ∈ D pD(t, x, y) ≤ ctϕ1(x)ϕ1(y).

There are many other well known equivalent definitions of IU. We present
probabilistic definition of IU which will be very useful in studying semigroups
for stable processes.

Proposition 4.1. The semigroup {PD
t }t≥0 is IU if and only if

∃K ⊂⊂ D ∀t > 0 ∃c = ct,K,D ∀x ∈ D P x(τD > t) ≤ cP x(τD > t,Xt ∈ K).

The following very important result is proved in [110].

Theorem 4.2. When α ∈ (0, 2) and D ⊂ R
d is bounded then {PD

t }t≥0

is IU.

Proof. (idea) Let us fix K = B(x0, r) such that K ⊂ D and let us denote
K1 = B(x0, r/2). We will use c to denote positive constant which depend on
t > 0, d, D, K and α. This constant may change its value from line to line.
We have for x ∈ D
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P x(τD > t,Xt ∈ K)
≥ P x(τD\K1 < t,X(τD\K1) ∈ K1,Xs in K for all s ∈ (τD\K1 , τD\K1 + t))
≥ cP x(τD\K1 < t,X(τD\K1) ∈ K1).

By the Ikeda-Watanabe formula ([96]) it equals for x ∈ D \K1

c

∫
D

∫ t

0

pD\K1(s, x, y) ds
Ad,−α

|y − z|d+α
dy dz.

We have |y − z|−d−α ≥ (diam(D))−d−α so the above expression is bounded
below by

c

∫
D

∫ t

0

pD\K1(s, x, y) dy ds

≥ c

∫ t

0

P x(τD\K1 > s) ds

≥ ctP x(τD\K1 > t).

It follows that for x ∈ D

P x(τD > t) ≤ P x(τD\K1 ≥ t) + P x(τD\K1 < t,X(τD\K1) ∈ K1)
≤ cP x(τD > t,Xt ∈ K). ��

We have
pD(t, x, y) =

∫ ∞

0

e−λntϕn(x)ϕn(y).

It follows that

pD(t, x, y)
e−λ1tϕ1(x)ϕ1(y)

= 1 +
∞∑

n=2

e−(λn−λ1)t
ϕn(x)ϕn(y)
ϕ1(x)ϕ1(y)

.

Proposition 4.3 (Consequences of IU). Let α ∈ (0, 2) and D ⊂ R
d is a

bounded open set. Then
i)

lim
t→∞

pD(t, x, y)
e−λ1tϕ1(x)ϕ1(y)

= 1.

ii) ∃C = C(D,α) ∀t ≥ 1

e−(λ2−λ1)t ≤ sup
x,y∈D

∣∣∣∣ pD(t, x, y)
e−λ1tϕ1(x)ϕ1(y)

∣∣∣∣ ≤ Ce−(λ2−λ1)t

The next theorem proved in [110] gives asymptotic of ϕ1.
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Theorem 4.4. Let α ∈ (0, 2) and D ⊂ R
d is a bounded open set. Then there

exist constants C1 = C1(D,α), C2 = C2(D,α) such that for all x ∈ D

C1E
x(τD) ≤ ϕ1(x) ≤ C2E

x(τD).

This theorem implies that for α ∈ (0, 2) when D = B(0, r) is a ball in R
d

we have
ϕ1(x) ≈ Ex(τD) = cα,d(r2 − |x|2)α/2,

when D = B(0, r) is a ball in R
d,

ϕ1(x) ≈ Ex(τD) ≈ δ
α/2
D (x),

when D is a bounded C1,1 domain (δD(x) = dist(x, ∂D)),

c1δ
γ1
D (x) ≤ ϕ1(x) ≤ c2δ

γ2
D (x),

when D is a bounded Lipschitz domain, c1, c2, γ1, γ2 > 0 depend on D and α.
Intrinsic ultracontractivity may be investigated for some other semigroups

e.g. Feynman-Kac semigroups in R
d with Schrödinger generators H0 − V

where V : R
d → R is a potential. Recently the following result has been

obtained for relativistic α-stable processes. The relativistic α-stable process
in R

d is a Markov process with independent and homogeneous increments
and the characteristic function of the form

E0(exp(iξXt)) = exp
(
−t((m2/α + |ξ|2)α/2 −m)

)
,

m > 0.
The following result was proved in [112].

Theorem 4.5. Let α ∈ (0, 2), d > α. Let Xt be a relativistic α-stable pro-
cess and {Tt}t≥0 a Feynman-Kac semigroup for Xt with generator −((−Δ+
m2/α)α/2−m)− V , where potential V (x) = |x|β, β > 0. We have

i) Tt are compact for any β > 0,
ii) {Tt}t≥0 is IU if and only if β > 1,
iii) for β > 1

ϕ1(x) ≈ exp(−m1/α|x|)
(|x|+ 1)(d+α+2β+1)/2

.

4.3 Steklov Problem

IU gives some general properties of the first and consecutive eigenfunctions
for the semigroup of symmetric α-stable processes. Nevertheless we do not
know many fine properties of eigenvalues and eigenfunctions which are known
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for eigenvalues and eigenfunctions of Dirichlet Laplacian (α ∈ (0, 2)). Even
in the most simple geometric case when D = (−1, 1) we do not know almost
any properties.

A very simple question is the following. What can be said about the second
eigenfunction ϕ2? How many zeroes has this function on (−1, 1)?

Some answers were obtained for the Cauchy process (symmetric α-stable
process for α = 1). This was done in [7] by using the connection of the
spectral problem for this process and the Steklov problem.

The connection between the eigenvalue problem for the Cauchy process
and the Steklov problem arises as follows.

Let us consider the following construction. Let D = (−1, 1) and ϕn, λn

be eigenvalues and eigenfunctions for the semigroup of the Cauchy process
(i.e. α-stable process for α = 1) killed on exiting D. ϕn are defined on D but
let us defined them on R by putting ϕn(x) = 0 for x ∈ Dc. Since |ϕn(x)| ≤
cnϕ1(x) ≈ (1− |x|2)1/2 on D we get that ϕn is continuous on R.

Let
H = {(x, t) : x ∈ R

d, t ≥ 0}
be the upper half-space. Let us also denote H+ = {(x, t) : x ∈ R

d, t > 0}.
We define functions un(x, t) for (x, t) ∈ H in the following way. For t = 0 we
put un(x, 0) = ϕn(x). For t > 0 we put

un(x, t) =
∫

Rd

p(t, x, y)ϕn(y) dy,

where p(t, x, y) is the transition density for the Cauchy process (α-stable
process for α = 1). Let us recall that

p(t, x, y) =
1
π

t

t2 + (x− y)2
, t > 0, x, y ∈ R.

Since ϕn are continuous on R we obtain that un are continuous on H.
A very important fact is that the transition density for the Cauchy process

p(t, x, y) is the Poisson kernel for upper half-space H for classical harmonic
measure. More precisely p(t, x, y) is the Poisson kernel for points (y, t) ∈ H+,
(x, 0) ∈ ∂H. It follows that un(x, t) is harmonic for (x, t) ∈ H+ for Laplacian
Δ = ∂2

∂x2 + ∂2

∂t2 in R
2.

It can also be shown that

∂un

∂t
(x, 0) = −λnun(x, 0).

Heuristically it can be verified as follows

∂un

∂t
(x, 0) = lim

t→0+

un(x, t)− un(x, 0)
t

= lim
t→0+

∫
Rd

p(t, x, y)(ϕn(y)− ϕn(x))
t

dy
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= lim
t→0+

cd

∫
Rd

ϕn(y)− ϕn(x)

(t2 + |x− y|2) d+1
2

dy

= −(−Δ)1/2ϕn(x)
= −λnϕn(x).

The precise proof may be find in [7] (proof of Theorem 1.1).
Therefore un(x, t) satisfy

Δun(x, t) = 0; (x, t) ∈ H+, (4.5)
∂un

∂t
(x, 0) = −λnun(x, 0); x ∈ D (4.6)

un(x, 0) = 0; x ∈ Dc. (4.7)

This problem is known as the mixed Steklov problem.
Using this connection the following result has been obtained [7].

Theorem 4.6. Let α = 1, D = (−1, 1) and let ϕn, λn be eigenvalues and
eigenfunctions for the semigroup of the Cauchy process (i.e. α-stable process
for α = 1) killed on exiting D. Then we have

i) 1 ≤ λ1 ≤ 1.17, ϕ1 is positive, symmetric, increasing on (−1, 0), decreas-
ing on (0, 1) and concave on (−1, 1),

ii) 2 ≤ λ2 ≤ π, ϕ2 is antisymmetric and (up to a sign) negative and convex
on (−1, 0), positive and concave on (0, 1),

iii) 3.4 ≤ λ3 ≤ 3π/2, ϕ3 is symmetric and has 2 zeroes on (−1, 1),
iv) the spectral gap satisfies λ2 − λ1 ≥ λ1 ≥ 1,
v) ϕn has no more than 2n− 2 zeroes on (−1, 1).

The Steklov problem is known for many years and belongs to classical prob-
lems in spectral theory, although is less known then Dirichlet or Neumann
problems. In the famous R. Courant and D. Hilbert book [63], it appears as
the spectral problem in boundary conditions.

If Ω is a bounded domain in R
d, we write its boundary ∂Ω as the dis-

joint union of two pieces, (∂Ω)1 and (∂Ω)2, and the classical “mixed Steklov”
eigenvalue problem ([88], [68], [70]) is the following mixed boundary value
problem:

Δun(z) = 0; z ∈ Ω, (4.8)
∂un

∂ν
(z) = −enun(z); z ∈ (∂Ω)1. (4.9)

un(z) = 0; z ∈ (∂Ω)2, (4.10)

where Δ =
∑d

i=1
∂2

∂x2
i

and ∂
∂ν is the inner normal derivative. The basic differ-

ence between our Steklov problems and the classical one in that our domain
is unbounded.
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The problem similar to the Steklov problem is considered also in hydro-
dynamics. Let us consider the following problem.

Δun(x) = 0; x ∈ Ω, (4.11)
∂un

∂ν
(x) = −λnun(x); x ∈ F. (4.12)

∂un

∂ν
(x) = 0; x ∈ B, (4.13)

where Ω ⊂ R
3
− = {x = (x1, x2, x3) : x3 < 0}, F = ∂Ω ∩ {x = (x1, x2, x3) :

x3 = 0}, and B is the rest of the boundary of Ω i.e. B = ∂Ω\F . The problem
(4.11 - 4.13) describes small oscillations of an ideal fluid in a container Ω.
The fluid occupies the whole container Ω. B is the bottom of the container
and F is the fluid’s free surface where the fluid can oscillate. We assume
that the fluid is incompressible, inviscid and irrotational. Then ∇un(x) is the
maximal amplitude of the velocity of the fluid at the point x. This problem
has been widely studied see e.g. [108], [115].

4.4 Eigenvalue Estimates

Z.-Q. Chen and R. Song obtained some very interesting two-sided eigenvalue
estimates [57]. They obtained their result for a very wide class of subordinate
Markov processes. Here we only present their results for symmetric α-stable
processes. Their main result for these processes is the following (cf. Example
5.1 [57]).

Theorem 4.7. Fix α ∈ (0, 2) and let D ⊂ R
d be an open bounded set. Let

{λn}∞n=1 be eigenvalues of the semigroup {PD
t }t≥0 and {μn}∞n=1 be eigen-

values of the semigroup {PD
t }t≥0 for the Brownian motion (in other words

{μn}∞n=1 are eigenvalues for the Dirichlet Laplacian).
Then we have
i)

λn ≤ μα/2
n ;

ii) if additionally D is a convex bounded domain,

1
2
μα/2

n ≤ λn ≤ μα/2
n .

The method of the proof is very interesting. Two processes are considered.
The first one is Brownian motion subordinated by the stable subordinator
(the symmetric stable process ) killed by leaving a domain. The second one
is Brownian motion killed by leaving a domain and then subordinated by the
stable subordinator. The main result is obtained by comparing the quadratic
forms of these two processes.
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4.5 Generalized Isoperimetric Inequalities

Theorem 4.8. Let us fix α ∈ (0, 2]. Let D ⊂ R
d be a bounded domain, D∗

the ball in R
d with the same volume as D. Then we have

λ1(D∗) ≤ λ1(D).

This theorem states that among all sets of equal volume the smallest first
eigenvalue has the ball. It is well known for many years.

Proof. (idea) It is well known that for any x ∈ D

λ1(D) = − lim
t→∞

1
t

log(P x(τD > t)).

We can and do assume that 0 ∈ D and D∗ has center at 0. We have

P 0(τD > t) = lim
m→∞

P 0(X t
m
∈ D,X 2t

m
∈ D, . . . ,Xmt

m
∈ D, )

=
∫

D

∫
D

. . .

∫
D

p t
m

(x1)p t
m

(x2 − x1) . . . p t
m

(xm − xm−1) dx1 dx2 . . . dxm

≤
∫

D∗

∫
D∗

. . .

∫
D∗

p∗t
m

(x1)p∗t
m

(x2 − x1) . . . p∗t
m

(xm − xm−1) dx1 dx2 . . . dxm

=
∫

D∗

∫
D∗

. . .

∫
D∗

p t
m

(x1)p t
m

(x2 − x1) . . . p t
m

(xm − xm−1) dx1 dx2 . . . dxm.

f∗(x) denotes here a symmetric decreasing rearrangement of f(x). Since pt(x)
is radial and radially decreasing we have p∗t (x) = pt(x).

It follows that

λ1(D) = − lim
t→∞

1
t

log(P 0(τD > t))

≥ − lim
t→∞

1
t

log(P 0(τD∗ > t))

= λ1(D∗) ��

The estimates of the spectral gap λ2 − λ1.
Let α ∈ (0, 2] and D ⊂ R

d be a bounded domain. Let us recall that there
exists C(D,α) such that for all t ≥ 1 we have

e−(λ2−λ1)t ≤ sup
x,y∈D

∣∣∣∣ pD(t, x, y)
e−λ1tϕ1(x)ϕ1(y)

− 1
∣∣∣∣ ≤ C(D,α)e−(λ2−λ1)t.

In other words the spectral gap λ2 − λ1 measures the rate how quickly
pD(t, x, y)/(e−λ1tϕ1(x)ϕ1(y)) tends to 1.

The spectral gap for Laplacian and Schrödinger operator has been investi-
gated for many years. Motivated by problems concerning the behavior of free
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Boson gases M. van den Berg made the following conjecture for all convex
domains D ⊂ R

d and convex and nonnegatives V : D → [0,∞)

λV
2 − λV

1 >
3π2

d2
D

, (4.14)

where dD = diam(D) and λV
1 , λV

2 are the first and the second eigenvalue for
the following eigenvalue problem for Schrödinger operator on D

{
Δϕn(x)− V (x)ϕn(x) = −λnϕn(x); x ∈ D,

ϕn(x) = 0; x ∈ ∂D.

The case V ≡ 0 corresponds to Dirichlet Laplacian.
Let us point out that for a rectangle D = (0, a)× (0, b), a > b and V ≡ 0

we have

ϕ1(x) = sin
(πx1

a

)
sin
(πx2

b

)
, λ1 =

π2

a2
+

π2

b2
,

ϕ2(x) = sin
(

2πx1

a

)
sin
(πx2

b

)
, λ2 =

4π2

a2
+

π2

b2
,

so the spectral gap equals λ2 − λ1 = 3π2/a2. By taking sufficiently long
rectangles we can see that the estimate (4.14) is optimal.

Let us also note that for the conjecture (4.14) the assumption of convexity
of D is necessary. If we take domains D with constant diameter which are
not convex then the spectral gap can be arbitrarily small. It is sufficient to
consider V ≡ 0 and the domain consisting of two disjoint balls joint together
with sufficiently narrow corridor.

The first substantial progress on this conjecture was made in 1985 by
I. M. Singer, B. Wong, S. T. Yau and S. S. T. Yau [141], who used a maximum
principle technique to show that

λV
2 − λV

1 ≥
π2

4d2
D

.

Later Q. Yu i J. Q. Zhong in 1986 [157] showed that

λV
2 − λV

1 ≥
π2

d2
D

.

Next in 1993 J. Ling [119] obtained the strict inequality

λV
2 − λV

1 >
π2

d2
D

.
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In 2000 B. Davis [68] and independently R. Bañuelos and P. Mendez [9]
showed that if D ⊂ R

2 is convex and double symmetric (that is symmetric
according to both coordinate axes) and V ≡ 0 then conjecture (4.14) holds i.e.

λV
2 − λV

1 >
3π2

d2
D

.

Most (but not all) of the methods of estimating the spectral gap for
Laplacian and Schrödinger operator uses the fact that the first eigenfunction
on a convex domain with a convex potential is logconcave.

Unfortunately for α ∈ (0, 2) we do not know whether the first eigenfunction
is logconcave on a convex domain. For α ∈ (0, 2) even the weaker property
that the first eigenfunction is unimodal would be very interesting and helpful
to estimate the spectral gap. Therefore we have the following open problem.

Conjecture 4.9. Let α ∈ (0, 2) and D ⊂ R
d be a convex bounded domain.

Then the first eigenfunction ϕ1 for the semigroup {PD
t }t≥0 is unimodal, that

is ϕ1 is unimodal along any line segment in D.

Of course for α = 2 the first eigenfunction ϕ1 is unimodal because is
logconcave.

Even though we do not know whether the first eigenfunction is unimodal
for α ∈ (0, 2) some estimates of the spectral gap were obtained. First they
were obtained for the Cauchy process (α = 1) using the connection with the
Steklov problem. Later these results were extended for all α ∈ (0, 2).

The result for the Cauchy process is the following [8].

Theorem 4.10. Let D ⊂ R
2 be a bounded convex domain which is symmet-

ric relative to both coordinate axes. Assume that [−a, a]× [−b, b], a ≥ b > 0 is
the smallest rectangle (with sides parallel to the coordinate axes) containing
D. Let {λn}∞n=1 be the eigenvalues corresponding to the semigroup of the
Cauchy process killed upon exiting D. We have

λ2 − λ1 ≥
Cb

a2
,

where C = 10−7 is an absolute constant.

The estimate is obtained by proving a new weighted Poincaré inequality
and appealing to the connection between the eigenvalue problem for the
Cauchy process and a mixed boundary value problem for the Laplacian in
one dimension higher known as the mixed Steklov problem established in [7].

For α ∈ (0, 2) we have the following variational formula [73]

λ2 − λ1 = inf
f∈F

Ad,−α

2

∫
D

∫
D

(f(x)− f(y))2

|x− y|d+α
ϕ1(x)ϕ1(y) dx dy, (4.15)

where

F = {f ∈ L2(D,ϕ2
1) :
∫

D

f2(x)ϕ2
1(x) dx = 1,

∫
D

f(x)ϕ2
1(x) dx = 0}.
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This formula is quite easy to prove. It has not been published before although
it follows from some other more general papers see e.g. [47].

Using this formula the following result has been shown [73].

Theorem 4.11. Let D ⊂ R
2 be a bounded convex domain which is symmet-

ric relative to both coordinate axes. Assume that [−a, a] × [−b, b], a ≥ b is
the smallest rectangle (with sides parallel to the coordinate axes) containing
D. Then we have

2A−1
2,−α(λ2 − λ1) � C b2−α

a2
,

where

C = C(α) = 10−93α−42−2α−1

(
4 +

12Γ(2/α)
α(2− α)(1− 2−α)2/α

)−2

. (4.16)

For rectangles it was possible to obtain the following more precise es-
timates [73]. These estimates are sharp i.e. the upper and lower bound
estimates have the same dependence on the length of the sides of the rectan-
gle. Nevertheless, the numerical constants which appear in this theorem are
far from being optimal.

Theorem 4.12. Let D = (−a, a)× (−b, b), where a � b. Then

(a)We have

2A−1
2,−α(λ2 − λ1) ≤ 106 ·

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

2
1− α

b

a1+α
for α < 1,

2 log
(
1 +

a

b

) b

a2
for α = 1,

(
1

2− α
+

1
α− 1

)
b2−α

a2
for α > 1.

(b)We have

2A−1
2,−α(λ2 − λ1) �

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

b

36 · 21+2αa1+α
for α < 1,

10−9 log
(
1 +

a

b

) b

a2
for α = 1,

1
33 · 131+α/2 · 104

b2−α

a2
for α > 1.

Remark 4.13. The inequality

2A−1
2,−α(λ2 − λ1) � b

36 · 2α(a + b)1+α

holds for all α ∈ (0, 2).
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We have 2A−1
2,−α = α−223−απΓ−1(α/2)Γ(1 − α/2). In particular we get

for example λ2−λ1 ≥ 8b
104(a+b)3/2 for α = 1/2, λ2−λ1 ≥ b

103(a+b)2 for α = 1,

λ2 − λ1 ≥ 8b
104(a+b)5/2 for α = 3/2.

For α ∈ (0, 2) it is also possible to obtain some estimates for the spectral
gap for all bounded open sets not necessarily convex or not even connected.
M. Kwaśnicki [116] showed the following result.

Theorem 4.14. Let α ∈ (0, 2) and D ⊂ R
d be a bounded open set with

inradius 1. Then
i)

||ϕ1||∞ ≤ c1, c1 = c1(d, α),

ii)
λ2 − λ1 ≥

c2

dd+α
D

, c2 = c2(d, α).

Let us notice that for convex double symmetric domains the estimates
obtained by R. Bañuelos and T. Kulczycki are sharper.

Proof. (implication i) → ii)) Let us denote the right hand side of (4.15) by
E(f, f). Let f ∈ mathcalF which is equivalent to

∫
D

f(x)ϕ2
1(x) dx = 0 and∫

D
f2(x)ϕ2

1(x) dx = 1. We have

E(f, f) ≥ Ad,−α

2dd+α
D

∫
D

∫
D

(f(x)− f(y))2ϕ1(x)ϕ1(y) dx dy

≥ Ad,−α

2dd+α
D c2

1

∫
D

∫
D

(f(x)− f(y))2ϕ2
1(x)ϕ2

1(y) dx dy

=
Ad,−α

2dd+α
D c2

1

(∫
D

f2(x)ϕ2
1(x) dx

∫
D

ϕ2
1(y) dy

− 2
∫

D

f(x)ϕ2
1(x) dx

∫
D

f(y)ϕ2
1(y) dy +

∫
D

f2(y)ϕ2
1(y) dy

∫
D

ϕ2
1(x) dx

)

=
Ad,−α

2dd+α
D c2

1

2
∫

D

f2(x)ϕ2
1(x) dx

=
c2

dd+α
D

∫
D

f2(x)ϕ2
1(x) dx. ��

The constant d + α in the power of 1
dD

is optimal which can be seen from
the following example. Let D = B1 ∪ B2 where B1, B2 are two disjoint unit
balls in R

d. Then we have

λ2 − λ1 ≤
E(f, f)∫
D

f2ϕ2
1

= E(f, f) ≤ c(d, α)
dd+α

D

.



Chapter 5

Potential Theory of Subordinate Brownian
Motion

by R. Song and Z. Vondraček

5.1 Introduction

The materials covered in the second part of the book are based on several
recent papers, primarily [132], [139], [148] and [146]. The main effort here
was given to unify the exposition of those results, and in doing so we also
eradicated the typos in these papers. Some new materials and generalizations
are also included. Here is the outline of Chapter 5.

In Section 5.2 we recall some basic facts about subordinators and give a
list of examples that will be useful later on. This list contains stable subor-
dinators, relativistic stable subordinators, subordinators which are sums of
stable subordinators and a drift, gamma subordinators, geometric stable sub-
ordinators, iterated geometric stable subordinators and Bessel subordinators.
All of these subordinators belong to the class of special subordinators (even
complete Bernstein subordinators). Special subordinators are important to
our approach because they are precisely the ones whose potential measure
restricted to (0,∞) has a decreasing density u. In fact, for all of the listed
subordinators the potential measure has a decreasing density u. In the last
part of the section we study asymptotic behaviors of the potential density u
and the Lévy density of subordinators by use of Karamata’s and de Haan’s
Tauberian and monotone density theorems.

In Section 5.3 we derive asymptotic properties of the Green function and
the jumping function of subordinate Brownian motion. These results follow
from the technical Lemma 5.32 upon checking its conditions for particular
subordinators. Of special interest is the order of singularities of the Green
function near zero, starting from the Newtonian kernel at the one end, and
singularities on the brink of integrability on the other end obtained for iter-
ated geometric stable subordinators. The results for the asymptotic behavior
of the jumping function are less complete, but are substituted by results on
the decay at zero and at infinity. Finally, we discuss transition densities for
symmetric geometric stable processes which exhibit unusual behavior on the
diagonal for small (as well as large) times.

K. Bogdan et al., Potential Analysis of Stable Processes and its Extensions,
Lecture Notes in Mathematics 1980, DOI 10.1007/978-3-642-02141-1 5,
c© Springer-Verlag Berlin Heidelberg 2009
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The original motivation for deriving the results in Sections 5.2 and 5.3
was an attempt to obtain the Harnack inequality for subordinate Brownian
motions with subordinators whose Laplace exponent φ(λ) has the asymptotic
behavior at infinity of one of the following two forms: (i) φ(λ) ∼ λ, or (ii) log-
arithmic behavior at ∞. A typical example of the first case is the process Y
which is a sum of Brownian motion and an independent rotationally invariant
α-stable process. This situation was studied in [132]. A typical example of the
second case is a geometric stable process – a subordinate Brownian motion
via a geometric stable subordinator. In this case, φ(λ) ∼ log λ as λ → ∞.
This was studied in [139]. Section 5.4 contains an exposition of these results
and some generalizations, and is partially based on the general approach
to Harnack inequality from [145]. After obtaining some potential-theoretic
results for a class of radial Lévy processes, we derive Krylov-Safonov-type
estimates for the hitting probabilities involving capacities. Similar estimates
involving Lebesgue measure were obtained in [145] based on the work of Bass
and Levin [13]. These estimates are crucial in proving two types of Harnack
inequalities for small balls - scale invariant ones, and the weak ones in which
the constant might depend on the radius of a ball. In fact, we give a full
proof of the Harnack inequality only for iterated geometric stable processes,
and refer the reader to the original papers for the other cases.

Finally, in Section 5.5 we replace the underlying Brownian motion by the
Brownian motion killed upon exiting a Lipschitz domain D. The resulting
process is denoted by XD. We are interested in the potential theory of the
process Y D

t = XD(St) where S is a special subordinator with infinite Lévy
measure or positive drift. Such questions were first studied for stable sub-
ordinators in [81], and the final solution in this case was given in [80]. The
general case for special subordinators appeared in [148]. Surprisingly, it turns
out that the potential theory of Y D is in a one-to-one and onto correspon-
dence with the potential theory of XD. More precisely, there is a bijection
(realized by the potential operator of the subordinate process ZD

t = XD(Tt)
where T is the subordinator conjugate to S) from the cone S(Y D) of excessive
functions of Y D onto the cone S(XD) of excessive functions for XD which
preserves nonnegative harmonic functions. This bijection makes it possible to
essentially transfer the potential theory of XD to the potential theory of Y D.
In this way we obtain the Martin kernel and the Martin representation for
Y D which immediately leads to a proof of the boundary Harnack principle for
nonnegative harmonic functions of Y D. In the case of a C1,1 domain we obtain
sharp bounds for the transition densities of the subordinate process Y D.

The materials covered in this part of the book by no means include all that
can be said about the potential theory of subordinate Brownian motions.
One of the omissions is the Green function estimates for killed subordinate
Brownian motions and the boundary Harnack inequality for the positive
harmonic functions of subordinate Brownian motions. By using ideas from
[53] or [134] one can easily extend the Green function estimates of [51] and
[109] for killed symmetric stable processes to more general killed subordinate
Brownian motions under certain conditions, and then use these estimates to
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extend arguments in [27] and [150] to establish the boundary Harnack in-
equality for general subordinate Brownian motions under certain conditions.
In the case when the Laplace exponent φ is regularly varying at infinity, this
is done in [105]. Another notable omission is the spectral theory for such
processes together with implications to spectral theory of killed subordinate
Brownian motion. We refer the reader to [57], [58] and [59]. Related to this
is the general discussion on the exact difference between subordinate killed
Brownian motions and the killed subordinate Brownian motions and its
consequences. This was discussed in [144] and [143]. See also [87] and [149].

We end this introduction with few words on the notations. For functions
f and g we write f ∼ g if the quotient f/g converges to 1, and f  g if the
quotient f/g stays bounded between two positive constants.

5.2 Subordinators

5.2.1 Special Subordinators and Complete
Bernstein Functions

Let S = (St : t ≥ 0) be a subordinator, that is, an increasing Lévy process
taking values in [0,∞] with S0 = 0. We remark that our subordinators are
what some authors call killed subordinators. The Laplace transform of the
law of St is given by the formula

E[exp(−λSt)] = exp(−tφ(λ)) , λ > 0. (5.1)

The function φ : (0,∞) → R is called the Laplace exponent of S, and it can
be written in the form

φ(λ) = a + bλ +
∫ ∞

0

(1− e−λt)μ(dt) . (5.2)

Here a, b ≥ 0, and μ is a σ-finite measure on (0,∞) satisfying

∫ ∞

0

(t ∧ 1)μ(dt) <∞ . (5.3)

The constant a is called the killing rate, b the drift, and μ the Lévy measure of
the subordinator S. By using condition (5.3) above one can easily check that

lim
t→0

t μ(t,∞) = 0, (5.4)
∫ 1

0

μ(t,∞) dt < ∞ . (5.5)
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For t ≥ 0, let ηt be the distribution of St. To be more precise, for a Borel
set A ⊂ [0,∞), ηt(A) = P(St ∈ A). The family of measures (ηt : t ≥ 0) forms
a convolution semigroup of measures on [0,∞). Clearly, the formula (5.1)
reads exp(−tφ(λ)) = Lηt(λ), the Laplace transform of the measure ηt. We
refer the reader to [18] for much more detailed exposition on subordinators.

Recall that a C∞ function φ : (0,∞) → [0,∞) is called a Bernstein
function if (−1)nDnφ ≤ 0 for every n ∈ N. It is well known (see, e.g., [17])
that a function φ : (0,∞) → R is a Bernstein function if and only if it has
the representation given by (5.2).

We now introduce the concepts of special Bernstein functions and special
subordinators.

Definition 5.1. A Bernstein function φ is called a special Bernstein func-
tion if ψ(λ) := λ/φ(λ) is also a Bernstein function. A subordinator S is called
a special subordinator if its Laplace exponent is a special Bernstein function.

We will call the function ψ in the definition above the Bernstein function
conjugate to φ.

Special subordinators occur naturally in various situations. For instance,
they appear as the ladder time process for a Lévy process which is not a
compound Poisson process, see page 166 of [18]. Yet another situation in
which they appear naturally is in connection with the exponential functional
of subordinators (see [20]).

The most common examples of special Bernstein functions are complete
Bernstein functions, also called operator monotone functions in some liter-
ature. A function φ : (0,∞) → R is called a complete Bernstein function if
there exists a Bernstein function η such that

φ(λ) = λ2Lη(λ), λ > 0,

where L stands for the Laplace transform of the function η: Lη(λ) =∫∞
0

e−λtη(t) dt. It is known (see, for instance, Remark 3.9.28 and Theorem
3.9.29 of [97]) that every complete Bernstein function is a Bernstein function
and that the following three conditions are equivalent:

(i) φ is a complete Bernstein function;
(ii) ψ(λ) := λ/φ(λ) is a complete Bernstein function;
(iii) φ is a Bernstein function whose Lévy measure μ is given by

μ(dt) =
∫ ∞

0

e−stγ(ds)dt

where γ is a measure on (0,∞) satisfying

∫ 1

0

1
s

γ(ds) +
∫ ∞

1

1
s2

γ(ds) < ∞.
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The equivalence of (i) and (ii) says that every complete Bernstein function
is a special Bernstein function. Note also that it follows from the condition
(iii) above that being a complete Bernstein function only depends on the
Lévy measure and that the Lévy measure μ(dt) of any complete Bernstein
function has a completely monotone density. We also note that the tail
t → μ(t,∞) of the Lévy measure μ is a completely monotone function.
Indeed, by Fubini’s theorem

μ(x,∞) =
∫ ∞

x

∫ ∞

0

e−st γ(ds) dt =
∫ ∞

0

e−xs γ(ds)
s

.

A similar argument shows that the converse is also true, namely, if the tail
of the Lévy measure μ is a completely monotone function, then μ has a
completely monotone density. The density of the Lévy measure with respect
to the Lebesgue measure (when it exists) will be called the Lévy density.

The family of all complete Bernstein functions is a closed convex cone
containing positive constants. The following properties of complete Bernstein
functions are well known, see, for instance, [126]: (i) If φ is a nonzero com-
plete Bernstein function, then so are φ(λ−1)−1 and λφ(λ−1); (ii) if φ1 and φ2

are nonzero complete Bernstein functions and β ∈ (0, 1), then φβ
1 (λ)φ1−β

2 (λ)
is also a complete Bernstein function; (iii) if φ1 and φ2 are nonzero complete
Bernstein functions and β ∈ (−1, 0) ∪ (0, 1), then (φβ

1 (λ) + φβ
2 (λ))1/β is also

a complete Bernstein function.
Most of the familiar Bernstein functions are complete Bernstein functions.

The following are some examples of complete Bernstein functions ([97]): (i)
λα, α ∈ (0, 1]; (ii) (λ + 1)α − 1, α ∈ (0, 1); (iii) log(1 + λ); (iv) λ

λ+1 . The first
family corresponds to α-stable subordinators (0 < α < 1) and a pure drift
(α = 1), the second family corresponds to relativistic α-stable subordina-
tors, the third Bernstein function corresponds to the gamma subordinator,
and the fourth corresponds to the compound Poisson process with rate 1
and exponential jumps. An example of a Bernstein function which is not a
complete Bernstein function is 1 − e−λ. One can also check that 1 − e−λ is
not a special Bernstein function as well. We refer the reader to [138] for an
extensive treatment of complete Bernstein functions.

The potential measure of the subordinator S is defined by

U(A) = E

∫ ∞

0

1(St∈A) dt =
∫ ∞

0

ηt(A) dt, A ⊂ [0,∞). (5.6)

Note that U(A) is the expected time the subordinator S spends in the set
A. The Laplace transform of the measure U is given by

LU(λ) =
∫ ∞

0

e−λt dU(t) = E

∫ ∞

0

exp(−λSt) dt =
1

φ(λ)
. (5.7)
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We are going to derive a characterization of special subordinators in terms
of their potential measures. Roughly, a subordinator S is special if and only
if its potential measure U restricted to (0,∞) has a decreasing density. To
be more precise, let S be a special subordinator with the Laplace exponent
φ given by

φ(λ) = a + bλ +
∫ ∞

0

(1− e−λt)μ(dt) .

Then

lim
λ→0

λ

φ(λ)
=

{
0 , a > 0,
1

b+
∫∞
0 t μ(dt)

, a = 0,

lim
λ→∞

1
φ(λ)

=

{
0 , b > 0 or μ(0,∞) = ∞,
1

a+μ(0,∞) , b = 0 and μ(0,∞) <∞ .

Since λ/φ(λ) is a Bernstein function, we must have

λ

φ(λ)
= ã + b̃λ +

∫ ∞

0

(1− e−λt) ν(dt) (5.8)

for some Lévy measure ν, and

ã =

{
0 , a > 0,
1

b+
∫∞
0 t μ(dt)

, a = 0,
(5.9)

b̃ =

{
0 , b > 0 or μ(0,∞) =∞,
1

a+μ(0,∞) , b = 0 and μ(0,∞) < ∞ .
(5.10)

Equivalently,
1

φ(λ)
= b̃ +

∫ ∞

0

e−λtΠ̃(t) dt (5.11)

with
Π̃(t) = ã + ν(t,∞) , t > 0 .

Let τ(dt) := b̃ε0(dt)+Π̃(t) dt. Then the right-hand side in (5.11) is the Laplace
transform of the measure τ . Since 1/φ(λ) = LU(λ), the Laplace transform
of the potential measure U of S, we have that LU(λ) = Lτ(λ) . Therefore,

U(dt) = b̃ε0(dt) + u(t) dt ,

with a decreasing function u(t) = Π̃(t).
Conversely, suppose that S is a subordinator with potential measure

given by
U(dt) = cε0(dt) + u(t) dt ,
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for some c ≥ 0 and some decreasing function u : (0,∞) → (0,∞) satisfying∫ 1

0
u(t) dt < ∞. Then

1
φ(λ)

= LU(λ) = c +
∫ ∞

0

e−λtu(t) dt .

It follows that

λ

φ(λ)
= cλ +

∫ ∞

0

u(t) d(1− e−λt)

= cλ + u(t)(1− e−λt) |∞0 −
∫ ∞

0

(1− e−λt)u(dt)

= cλ + u(∞) +
∫ ∞

0

(1− e−λt) γ(dt) , (5.12)

withγ(dt) = −u(dt). In the last equalityweused that limt→0 u(t)(1−e−λt) = 0.
This is a consequence of the assumption

∫ 1

0
u(t) dt < ∞. It is easy to check,

by using the same integrability condition on u, that
∫∞
0

(1∧ t) γ(dt) < ∞, so
that γ is a Lévy measure. Therefore, λ/φ(λ) is a Bernstein function, implying
that S is a special subordinator.

In this way we have proved the following

Theorem 5.1. Let S be a subordinator with the potential measure U . Then
S is special if and only if

U(dt) = cε0(dt) + u(t) dt

for some c ≥ 0 and some decreasing function u : (0,∞) → (0,∞) satisfying∫ 1

0
u(t) dt < ∞.

Remark 5.2. The above result appeared in [19] as Corollaries 1 and 2 and
was possibly known even before. The above presentation is taken from [148].
In case c = 0, we will call u the potential density of the subordinator S (or
of the Laplace exponent φ).

Corollary 5.3. Let S be a subordinator with the Laplace exponent φ and the
potential measure U . Then φ is a complete Bernstein function if and only if
U restricted to (0,∞) has a completely monotone density u.

Proof. Note that from the proof of Theorem 5.1 we have the explicit form of
the density u: u(t) = Π̃(t) where Π̃(t) = ã+ ν(t,∞). Here ν is the Lévy mea-
sure of λ/φ(λ). If φ is complete Bernstein, then λ/φ(λ) is complete Bernstein,
and hence it follows from the property (iii) of complete Bernstein function
that u(t) = ã + ν(t,∞) is a completely monotone function. Conversely, if
u is completely monotone, then clearly the tail t → ν(t,∞) is completely
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monotone, which implies that λ/φ(λ) is complete Bernstein. Therefore, φ is
also a complete Bernstein function. ��

Note that by comparing expressions (5.8) and (5.12) for λ/φ(λ), and by
using formulae (5.9) and (5.10), it immediately follows that

c = b̃ =

{
0 , b > 0 or μ(0,∞) = ∞,
1

a+μ(0,∞) , b = 0 and μ(0,∞) <∞,

u(∞) = ã =

{
0 , a > 0,
1

b+
∫∞
0 t μ(dt)

, a = 0,

u(t) = ã + ν(t,∞) .

In particular, it cannot happen that both a and ã are positive, and similarly,
that both b and b̃ are positive. Moreover, it is clear from the definition of b̃
that b̃ > 0 if and only if b = 0 and μ(0,∞) <∞.

We record now some consequences of Theorem 5.1 and the formulae above.

Corollary 5.4. Suppose that S = (St : t ≥ 0) is a subordinator whose
Laplace exponent

φ(λ) = a + bλ +
∫ ∞

0

(1− e−λt)μ(dt)

is a special Bernstein function with b > 0 or μ(0,∞) =∞. Then the potential
measure U of S has a decreasing density u satisfying

lim
t→0

t u(t) = 0, (5.13)

lim
t→0

∫ t

0

s du(s) = 0 . (5.14)

Proof. The formulae follow immediately from u(t) = ã + ν(t,∞) and (5.4)–
(5.5) applied to ν. ��
Corollary 5.5. Suppose that S = (St : t ≥ 0) is a special subordinator with
the Laplace exponent given by

φ(λ) = a +
∫ ∞

0

(1− e−λt)μ(dt)

where μ satisfies μ(0,∞) = ∞. Then

ψ(λ) :=
λ

φ(λ)
= ã +

∫ ∞

0

(1− e−λt) ν(dt) (5.15)

where the Lévy measure ν satisfies ν(0,∞) =∞.
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Let T be the subordinator with the Laplace exponent ψ. If u and v denote
the potential density of S and T respectively, then

v(t) = a + μ(t,∞) . (5.16)

In particular, a = v(∞) and ã = u(∞). Moreover, a and ã cannot be both
positive.

Assume that φ is a special Bernstein function with the representation
(5.2) where b > 0 or μ(0,∞) = ∞. Let S be a subordinator with the Laplace
exponent φ, and let U denote its potential measure. By Corollary 5.4, U has
a decreasing density u : (0,∞) → (0,∞). Let T be a subordinator with the
Laplace exponent ψ(λ) = λ/φ(λ) and let V denote its potential measure.
Then V (dt) = bε0(dt) + v(t) dt where v : (0,∞) → (0,∞) is a decreasing
function. If b > 0, the potential measure V has an atom at zero, and hence the
subordinator T is a compound Poisson process (this can be also seen as fol-
lows: since b > 0, we have u(0+) <∞, and hence ν(0,∞) = u(0+)− ã < ∞).
Note that in case b > 0, the Lévy measure μ can be finite. If b = 0, we require
that μ(0,∞) = ∞, and then, by Corollary 5.5, ψ(λ) = λ/φ(λ) has the same
form as φ, namely b̃ = 0 and ν(0,∞) =∞. In this case, subordinators S and
T play symmetric roles.

The following result will be crucial for the developments in Section 5.5 of
this book.

Theorem 5.6. Let φ be a special Bernstein function with representation
(5.2) satisfying b > 0 or μ(0,∞) =∞. Then

b u(t) +
∫ t

0

u(s)v(t− s) ds = b u(t) +
∫ t

0

v(s)u(t− s) ds = 1, t > 0. (5.17)

Proof. Since for all λ > 0 we have

1
φ(λ)

= Lu(λ),
φ(λ)

λ
= b + Lv(λ) ,

after multiplying we get

1
λ

= bLu(λ) + Lu(λ)Lv(λ)

= bLu(λ) + L(u ∗ v)(λ) .

Inverting this equality gives

1 = b u(t) +
∫ t

0

u(s)v(t− s) ds , t > 0.

��
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Theorem 5.6 has an amusing consequence related to the first passage of the
subordinator S. Let σt = inf{s > 0 : Ss > t} be the first passage time across
the level t > 0. By the first passage formula (see, e.g., [18], p.76), we have

P(Sσt− ∈ ds, Sσt
∈ dx) = u(s)μ(x− s) ds dx ,

for 0 ≤ s ≤ t, and x > t. Since μ(x,∞) = v(x), by use of Fubini’s theorem
this implies

P(Sσt
> t) =

∫ ∞

t

∫ t

0

u(s)μ(x− s) ds dx =
∫ t

0

u(s)
∫ ∞

t

μ(x− s) dx ds

=
∫ t

0

u(s)μ(t− s,∞) ds =
∫ t

0

u(s)v(t− s) ds .

Since P(Sσt
≥ t) = 1, by comparing with (5.17) we see that P(Sσt

= t) =
b u(t). This provides a simple proof in case of special subordinators of the
well-known fact true for general subordinators (see [18], pp.77–79).

In the sequel we will also need the following result on potential density
that is valid for subordinators that are not necessarily special.

Proposition 5.7. Let S = (St : t ≥ 0) be a subordinator with drift b > 0.
Then its potential measure U has a density u continuous on (0,∞) satisfying
u(0+) = 1/b and u(t) ≤ u(0+) for every t > 0.

Proof. For the proof of existence of continuous u and the fact that
u(0+) = 1/b see, e.g., [18], p.79. That u(t) ≤ u(0+) for every t > 0 fol-
lows from the subadditivity of the function t �→ U([0, t]) (see, e.g., [132]). ��

5.2.2 Examples of Subordinators

In this subsection we give a list of subordinators that will be relevant in the
sequel and describe some of their properties.

Example 5.8. (Stable subordinators) Our first example covers the fam-
ily of well-known stable subordinators. For 0 < α < 2, let φ(λ) = λα/2. By
integration

λα/2 =
α/2

Γ(1− α/2)

∫ ∞

0

(1− e−λt) t−1−α/2 dt ,

i.e, the Lévy measure μ(dt) of φ has a density given by (α/2)/Γ(1 − α/2)
t−1−α/2. Since t−1−α/2 =

∫∞
0

e−tssα/2/Γ(1 + α/2) ds, it follows that φ is a
complete Bernstein function. The tail of the Lévy measure μ is equal to

μ(t,∞) =
t−α/2

Γ(1− α/2)
.
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The conjugate Bernstein function is ψ(λ) = λ1−α/2, hence its tail is
ν(t,∞) = tα/2−1/Γ(α/2). This shows that the potential density of
φ(λ) = λα/2 is equal to

u(t) =
tα/2−1

Γ(α/2)
.

The subordinator S corresponding to φ is called an α/2-stable subordinator.
It is known that the distribution η1(ds) of the α/2-stable subordinator has

a density η1(s) with respect to the Lebesgue measure. Moreover, by [142],

η1(s) ∼ 2πΓ
(
1 +

α

2

)
sin
(απ

4

)
s−1−α/2 , s →∞ , (5.18)

and
η1(s) ≤ c(1 ∧ s−1−α/2) , s > 0 , (5.19)

for some positive constant c > 0.

Example 5.9. (Relativistic stable subordinators) For 0 < α < 2 and
m > 0, let φ(λ) = (λ + m2/α)α/2 −m. By integration

(λ + m2/α)α/2 −m =
α/2

Γ(1− α/2)

∫ ∞

0

(1− e−λt) e−m2/αt t−1−α/2 dt ,

i.e., the Lévy measure μ(dt) of φ has a density given by (α/2)/Γ(1 − α/2)
e−m2/αt t−1−α/2. This Bernstein function appeared in [118] in the study of
the stability of relativistic matter, and so we call the corresponding subordi-
nator S a relativistic α/2-stable subordinator. Since the Lévy density of φ is
completely monotone, we know that φ is a complete Bernstein function. The
explicit form of potential density u of S can be computed as follows (see [91]
for this calculation): For γ, β > 0 let

Eγ,β(t) =
∞∑

n=0

tn

Γ(β + γn)
, t > 0 ,

be the two parameter Mittag-Leffler function. By integrating term by term
it follows that
∫ ∞

0

e−λte−m2/αt t−1+α/2Eα/2,α/2(mtα/2) dt =
1

(λ + m2/α)α/2 −m
.

Therefore,
u(t) = e−m2/αt t−1+α/2Eα/2,α/2(mtα/2) .

The subordinator S̃ corresponding to the complete Bernstein function
m + φ(λ) = (λ + m2/α)α/2 is obtained by killing S at an independent
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exponential time with parameter m. By checking tables of Laplace trans-
forms ([74]) we see that

1
m + φ(λ)

=
∫ ∞

0

e−λt 1
Γ(α/2)

e−m2/αt t−1+α/2 dt ,

implying that the potential measure Ũ of the subordinator S̃ has the density
ũ given by

ũ(t) =
1

Γ(α/2)
e−m2/αt t−1+α/2 .

Example 5.10. (Gamma subordinator) Let φ(λ) = log(1 + λ). By use
of Frullani’s integral it follows that

log(1 + λ) =
∫ ∞

0

(1− e−λt)
e−t

t
dt ,

i.e., the Lévy measure of φ has a density given by e−t/t. Note that
e−t/t =

∫∞
0

e−st1(1,∞)(s) ds, implying that the density of the Lévy measure
μ is completely monotone. Therefore, φ is a complete Bernstein function. The
corresponding subordinator S is called a gamma subordinator. The explicit
form of the potential density u is not known. In the next section we will
derive the asymptotic behavior of u at 0 and at +∞. On the other hand, the
distribution ηt(ds), t > 0, is well known and given by

ηt(ds) =
1

Γ(t)
st−1e−s ds , s > 0 . (5.20)

Before proceeding to the next two examples, let us briefly discuss composi-
tion of subordinators. Suppose that S1 = (S1

t : t ≥ 0) and S2 = (S2
t : t ≥ 0)

are two independent subordinators with Laplace exponents φ1, respectively
φ2, and convolution semigroups (η1

t : t ≥ 0), respectively (η2
t : t ≥ 0). Define

the new process S = (St : t ≥ 0) by St = S1(S2
t ), subordination of S1 by S2.

Subordinating a Lévy process by an independent subordinator always yields
a Lévy process (e.g. [135], p. 197). Hence, S is another subordinator. The
distribution ηt of St is given by

ηt(ds) =
∫ ∞

0

η2
t (du)η1

u(ds) . (5.21)

Therefore, for any λ > 0,
∫ ∞

0

e−λs ηt(ds) =
∫ ∞

0

e−λs

∫ ∞

0

η2
t (du)η1

u(ds)

=
∫ ∞

0

η2
t (du)

∫ ∞

0

e−λs η1
u(ds)

=
∫ ∞

0

η2
t (du)e−uφ1(λ) = φ2(φ1(λ)) ,

showing that the Laplace exponent φ of S is given by φ(λ) = φ2(φ1(λ)).
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Example 5.11. (Geometric stable subordinators) For 0 < α < 2, let
φ(λ) = log(1+λα/2). Since φ is a composition of the complete Bernstein func-
tions from Examples 5.8 and 5.10, it is itself a complete Bernstein function.
The corresponding subordinator S is called a geometric α/2-stable subor-
dinator. Note that this subordinator may be obtained by subordinating an
α/2-stable subordinator by a gamma subordinator. The concept of geometric
stable distributions was first introduced in [106]. We will now compute the
Lévy measure μ of S. Define

Eα/2(t) :=
∞∑

n=0

(−1)n tnα/2

Γ(1 + nα/2)
, t > 0 .

By checking tables of Laplace transforms (or by computing term by term),
we see that

∫ ∞

0

e−λtEα/2(t) dt =
1

λ(1 + λ−α/2)
=

λα/2−1

1 + λα/2
. (5.22)

Further, since φ(0+) = 0 and limλ→∞ φ(λ)/λ = 0, we have that
φ(λ) =

∫∞
0

(1 − e−λt)μ(dt). By differentiating this expression for φ and
the explicit form of φ we obtain that

φ ′(λ) =
∫ ∞

0

te−λt μ(dt) =
α

2
λα/2−1

1 + λα/2
. (5.23)

By comparing (5.22) and (5.23) we see that the Lévy measure μ(dt) has a
density given by

μ(t) =
α

2
Eα/2(t)

t
. (5.24)

The explicit form of the potential density u is not known. In the next section
we will derive the asymptotic behavior of u at 0+ and at ∞.

We will now show that the distribution function of S1 is given by

F (s) = 1− Eα/2(s) =
∞∑

n=1

(−1)n−1 snα/2

Γ(1 + nα/2)
, s > 0 . (5.25)

Indeed, for λ > 0,

LF (λ) =
∫ ∞

0

e−λt F (dt) = λ

∫ ∞

0

e−λt(1− Eα/2(t)) dt

= λ

(
1
λ
− λα/2−1

1 + λα/2

)
= exp{− log(1 + λα/2)} .
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Since the function λ �→ 1 + λα/2 is a complete Bernstein function, its recip-
rocal function, λ �→ 1/(1 + λα/2) is a Stieltjes function (see [97] for more
details about Stieltjes functions). Moreover, since limt→∞ 1/(1 + λα/2) = 0,
it follows that there exists a measure σ on (0,∞) such that

1
1 + λα/2

= L(Lσ)(λ) .

But this means that the function F has a completely monotone density f
given by f(t) = Lσ(t). It is shown in [127] that the distribution function of
St, t > 0, is equal to

∞∑
n=1

(−1)n−1 Γ(t + n− 1)s(t+n−1)α/2

Γ(t)(n− 1)!Γ(1 + (t + n− 1)α/2)
.

Note that the case of the gamma subordinator may be subsumed under the
case of geometric α/2-stable subordinator by taking α = 2 in the definition.

Example 5.12. (Iterated geometric stable subordinators) Let
0 < α ≤ 2. Define,

φ(1)(λ) = φ(λ) = log(1 + λα/2) , φ(n)(λ) = φ(φ(n−1)(λ)) , n ≥ 2 .

Since φ(n) is a complete Bernstein function, we have that φ(n)(λ) =∫∞
0

(1 − e−λt)μ(n)(t) dt for a completely monotone Lévy density μ(n)(t).
The exact form of this density is not known.

Let S(n) = (S(n)
t : t ≥ 0) be the corresponding (iterated) subordinator,

and let U (n) denote the potential measure of S(n). Since φ(n) is a complete
Bernstein function, U (n) admits a completely monotone density u(n). The
explicit form of the potential density u(n) is not known. In the next section
we will derive the asymptotic behavior of u at 0 and at +∞.

Example 5.13. (Stable subordinators with drifts) For 0 < α < 2 and
b > 0, let φ(λ) = bλ + λα/2. Since λ �→ λα/2 is complete Bernstein, it follows
that φ is also a complete Bernstein function. The corresponding subordinator
S = (St : t ≥ 0) is a sum of the pure drift subordinator t �→ bt and the
α/2-stable subordinator. Its Lévy measure is the same as the Lévy measure
of the α/2-stable subordinator. In order to compute the potential density u
of the subordinator S, we first note that, similarly as in (5.22),

∫ ∞

0

e−λt 1
b
E1−α/2(b−2/(2−α)t)dt =

1
bλ + λα/2

=
1

φ(λ)
.

Therefore, u(t) = 1
b E1−α/2(b−2/(2−α)t) for t > 0.
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Example 5.14. (Bessel subordinators) The two subordinators in this
example are taken from [122]. The Bessel subordinator SI = (SI(t) : t ≥ 0)
is a subordinator with no drift, no killing and Lévy density

μI(t) =
1
t

I0(t) e−t,

where for any real number ν, Iν is the modified Bessel function. Since μI is
the Laplace transform of the function γ(t) =

∫ t

0
g(s) ds with

g(s) =
{

π−1(2s− s2)−1/2 , s ∈ (0, 2),
0 , s ≥ 2,

the Laplace exponent of SI is a complete Bernstein function. The Laplace
exponent of SI is given by

φI(λ) = log((1 + λ) +
√

(1 + λ)2 − 1).

For any t > 0, the density of SI(t) is given by

ft(x) =
t

x
It(x)e−x.

The Bessel subordinator SK = (SK(t) : t ≥ 0) is a subordinator with no
drift, no killing and Lévy density

μK(t) =
1
t
K0(t)e−t,

where for any real number ν, Kν is the modified Bessel function. Since μK

is the Laplace transform of the function

γ(t) =
{

0, t ∈ (0, 2],
log(t− 1 +

√
(t− 1)2 + 1), t > 2 ,

the Laplace exponent of SK is a complete Bernstein function. The Laplace
exponent of SK is given by

φK(λ) =
1
2

(
log((1 + λ) +

√
(1 + λ)2 − 1)

)2

.

For any t > 0, the density of SK(t) is given by

ft(x) =

√
2π

t
ϑx(

1
t
)
e−x

x
,
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where

ϑv(t) =
v√
2π3t

∫ ∞

0

exp(
π2 − ξ2

2t
) exp(−v cosh(ξ)) sinh(ξ) sin(

πξ

t
)dξ.

Example 5.15. For any α ∈ (0, 2) and β ∈ (0, 2 − α), it follows from the
properties of complete Bernstein functions that

φ(λ) = λα/2(log(1 + λ))β/2

is a complete Bernstein function.

Example 5.16. For any α ∈ (0, 2) and β ∈ (0, α), it follows from the
properties of complete Bernstein functions that

φ(λ) = λα/2(log(1 + λ))−β/2

is a complete Bernstein function.

5.2.3 Asymptotic Behavior of the Potential, Lévy
and Transition Densities

Recall the formula (5.7) relating the Laplace exponent φ of the subordinator
S with the Laplace transform of its potential measure U . In the case U has
a density u, this formula reads

Lu(λ) =
∫ ∞

0

e−λtu(t) dt =
1

φ(λ)
.

The asymptotic behavior of φ at ∞ (resp. at 0) determines, by use of
Tauberian and the monotone density theorems, the asymptotic behavior of
the potential density u at 0 (resp. at ∞). We first recall Karamata’s version
of these theorems from [21].

Theorem 5.17. (a) (Karamata’s Tauberian theorem) Let U : (0,∞) →
(0,∞) be an increasing function. If � is slowly varying at ∞ (resp. at 0+),
ρ ≥ 0, the following are equivalent:

(i) As t →∞ (resp. t → 0+)

U(t) ∼ tρ�(t)
Γ(1 + ρ)

.

(ii) As λ → 0 (resp. λ →∞)

LU(λ) ∼ λ−ρ�(1/λ) .
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(b)(Karamata’s monotone density theorem) If additionally U(dx) = u(x) dx,
where u is monotone and nonnegative, and ρ > 0, then (i) and (ii) are
equivalent to:

(iii) As t →∞ (resp. t → 0+)

u(t) ∼ ρtρ−1�(t)
Γ(1 + ρ)

.

We are going to use Theorem 5.17 for Laplace exponents that are regularly
varying at ∞ (resp. at 0). To be more specific we will assume that either (i)

φ(λ) ∼ λα/2�(λ) , λ →∞ , (5.26)

where 0 < α ≤ 2, and � is slowly varying at ∞, or (ii)

φ(λ) ∼ λα/2�(λ) , λ → 0, (5.27)

where 0 < α ≤ 2, and � is slowly varying at 0. In case (i), (5.26) implies b > 0
or μ(0,∞) = ∞. If φ is a special Bernstein function, then the correspond-
ing subordinator S has a decreasing potential density u whose asymptotic
behavior at 0 is then given by

u(t) ∼ 1
Γ(α/2)

tα/2−1

�(1/t)
, t→ 0 + . (5.28)

In case (ii), if φ is a special Bernstein function with limλ→∞ φ(λ) =∞, then
the corresponding subordinator S has a decreasing potential density u whose
asymptotic behavior at ∞ is then given by

u(t) ∼ 1
Γ(α/2)

tα/2−1

�(1/t)
, t→∞ . (5.29)

As consequences of the above, we immediately get the following: (1) for α ∈
(0, 2), the potential density of the relativistic α/2-stable subordinator satisfies

u(t) ∼ tα/2−1

Γ(α/2)
, t→ 0+, (5.30)

u(t) ∼ α

2
m1−2/α , t→∞ ; (5.31)

(2) for α ∈ (0, 2), β ∈ (0, 2 − α), the potential density of the subordinator
corresponding to Example 5.15 satisfies

u(t) ∼ 1
Γ(α/2)

1
t1−α/2| log t|β/2

, t→ 0+, (5.32)

u(t) ∼ 1
Γ(α/2 + β/2)

1
t1−(α+β)/2

, t →∞ ; (5.33)
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(3) for α ∈ (0, 2), β ∈ (0, α), the potential density of the subordinator
corresponding to Example 5.16 satisfies

u(t) ∼ α

2Γ(1 + α/2)
| log t|β/2

t1−α/2
, t → 0+, (5.34)

u(t) ∼ α− β

2Γ(1 + (α− β)/2)
1

t1−(α−β)/2
, t→∞ . (5.35)

In the case when the subordinator has a positive drift b > 0, the poten-
tial density u always exists, it is continuous, and u(0+) = b. For example,
this will be the case when φ(λ) = bλ + λα/2. Recall (see Example 5.13)
that the potential density is given by the rather explicit formula u(t) =
(1/b)E1−α/2(b2/(2−α)t) . The asymptotic behavior of u(t) as t → ∞ is not
easily derived from this formula. On the other hand, since φ(λ) ∼ λα/2 as
λ → 0, it follows from (5.29) that u(t) ∼ tα/2−1/Γ(α/2) as t →∞.

Note that the gamma subordinator, geometric α/2-stable subordina-
tors, iterated geometric stable subordinators and Bessel subordinators have
Laplace exponents that are not regularly varying with strictly positive ex-
ponent at ∞, but are rather slowly varying at ∞. In this case, Karamata’s
monotone density theorem cannot be used, and we need more refined ver-
sions of both Tauberian and monotone density theorems. The results are also
taken from [21].

Theorem 5.18. (a) (de Haan’s Tauberian Theorem) Let U : (0,∞) →
(0,∞) be an increasing function. If � is slowly varying at ∞ (resp. at 0+),
c ≥ 0, the following are equivalent:

(i) As t →∞ (resp. t → 0+)

U(λt)− U(t)
�(t)

→ c log λ, ∀λ > 0.

(ii) As t →∞ (resp. t → 0+)

LU( 1
λt )− LU( 1

t )
�(t)

→ c log λ, ∀λ > 0.

(b) (de Haan’s Monotone Density Theorem) If additionally U(dx) = u(x) dx,
where u is monotone and nonnegative, and c > 0, then (i) and (ii) are
equivalent to:

(iii) As t →∞ (resp. t → 0+)

u(t) ∼ ct−1�(t).

We are going to apply this result to establish the asymptotic behaviors of
the potential density of geometric stable subordinators, iterated geometric
stable subordinators and Bessel subordinators at zero.
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Proposition 5.19. For any α ∈ (0, 2], let φ(λ) = log(1 + λα/2), and let u
be the potential density of the corresponding subordinator. Then

u(t) ∼ 2
αt(log t)2

, t → 0+ ,

u(t) ∼ tα/2−1

Γ(α/2)
, t→∞ .

Proof. Recall that

LU(λ) = 1/φ(λ) = 1/ log(1 + λα/2).

Since
LU( 1

xλ )− LU( 1
λ )

(log λ)−2
→ 2

α
log x, ∀x > 0 ,

as λ → 0+, we have by (the 0+ version of) Theorem 5.18 (a) that

U(xt)− U(t)
(log t)−2

→ 2
α

log x, x > 0 ,

as t → 0+. Now we can apply (the 0+ version of) Theorem 5.18 (b) to get that

u(t) ∼ 2
αt(log t)2

as t → 0+. The asymptotic behavior of u(t) as t →∞ follows from Theorem
5.17. ��

In order to deal with the iterated geometric stable subordinators, let e0 = 0,
and inductively, en = een−1 , n ≥ 1. For n ≥ 1 define ln : (en,∞) → (0,∞) by

ln(y) = log log . . . log y , n times . (5.36)

Further, let L0(y) = 1, and for n ∈ N, define Ln : (en,∞) → (0,∞) by

Ln(y) = l1(y)l2(y) . . . ln(y) . (5.37)

Note that l′n(y) = 1/(yLn−1(y)) for every n ≥ 1. Let α ∈ (0, 2] and re-
call from Example 5.12 that φ(1)(y) := log(1 + yα/2), and for n ≥ 1,
φ(n)(y) := φ(φ(n−1)(y)). Let kn(y) := 1/φ(n)(y).

Lemma 5.20. Let t > 0. For every n ∈ N,

lim
y→∞

(kn(ty)− kn(y))Ln−1(y)ln(y)2 = − 2
α

log t .
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Proof. The proof for n = 1 is straightforward and is implicit in the proof of
Proposition 5.19. We only give the proof for n = 2, the proof for general n
is similar. Using the fact that

log(1 + y) ∼ y, y → 0+, (5.38)

we can easily get that

lim
y→∞

(
log

log y

log(yt)

)
log y = − lim

y→∞

(
log

log y + log t

log y

)
log y = − log t. (5.39)

Using (5.38) and the elementary fact that log(1 + y) ∼ log y as y → ∞ we
get that

lim
y→∞

(k2(ty)− k2(y))L1(y)l2(y)2

=
α

2
lim

y→∞

(
log

log(1 + yα/2)
log(1 + (ty)α/2)

)

× log y(log log y)2

(α/2)2 log(log(1 + yα/2)) log(log(1 + (ty)α/2))

=
2
α

lim
y→∞

(
log

log y

log(yt)

)
log y = − 2

α
log t .

��

Recall that U (n) denotes the potential measure and u(n)(t) the potential
density of the iterated geometric stable subordinator S(n) with the Laplace
exponent φ(n).

Proposition 5.21. For any α ∈ (0, 2], we have

u(n)(t) ∼ 2
αtLn−1( 1

t )ln( 1
t )

2
, t→ 0+ , (5.40)

u(n)(t) ∼ t(α/2)n−1

Γ((α/2)n)
, t→∞ . (5.41)

Proof. Using Lemma 5.20 we can easily see that

LU (n)( 1
xλ )− LU (n)( 1

λ )
(Ln−1( 1

λ )ln( 1
λ )2)−1

→ 2
α

log x, ∀x > 0 ,

as λ → 0+. Therefore, by (the 0+ version of) Theorem 5.18 (a) we have that

U (n)(xt)− U (n)(t)
(Ln−1( 1

t )ln( 1
t )

2)−1
→ 2

α
log x, x > 0 ,
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as t → 0+. Now we can apply (the 0+ version of) Theorem 5.18 (b) to get that

u(n)(t) ∼ 2
αtLn−1( 1

t )ln( 1
t )

2

as t → 0+. The asymptotic behavior of u(n)(t) at ∞ follows easily from
Theorem 5.17. ��

Let uI and uK be the potential densities of the Bessel subordinators I
and K respectively. Then we have the following result.

Proposition 5.22. The potential densities of the Bessel subordinators sat-
isfy the following asymptotics

uI(t) ∼
1

t(log t)2
, t→ 0+ ,

uK(t) ∼ 1
t| log t|3 , t→ 0+ ,

uI(t) ∼
1√
2π

t−1/2, t→∞ ,

uK(t) ∼ 1, t→∞ .

Proof. The proofs of first two relations are direct applications of de Haan’s
Tauberian and monotone density theorems and the proofs of the last two are
direct applications of Karamata’s Tauberian and monotone density theorems.
We omit the details. ��

We now discuss the asymptotic behavior of the Lévy density of a subor-
dinator.

Proposition 5.23. Assume that the Laplace exponent φ of the subordinator
S is a complete Bernstein function and let μ(t) denote the density of its Lévy
measure.

(i) Let 0 < α < 2. If φ(λ) ∼ λα/2�(λ), λ → ∞, and � is a slowly varying
function at ∞, then

μ(t) ∼ α/2
Γ(1− α/2)

t−1−α/2 �(1/t) , t→ 0 + . (5.42)

(ii) Let 0 < α ≤ 2. If φ(λ) ∼ λα/2�(λ), λ → 0, and � is a slowly varying
function at 0, then

μ(t) ∼ α/2
Γ(1− α/2)

t−1−α/2 �(1/t) , t →∞ . (5.43)
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Proof. (i) The assumption implies that there is no drift, b = 0, and hence
by integration by parts,

φ(λ) = λ

∫ ∞

0

e−λtμ(t,∞) dt .

Thus,
∫∞
0

e−λtμ(t,∞) dt ∼ λα/2−1�(λ) as λ → ∞, and (5.42) follows by
first using Karamata’s Tauberian theorem and then Karamata’s monotone
density theorem.

(ii) In this case it is possible that the drift b is strictly positive, and thus

φ(λ) = λ

(
b +
∫ ∞

0

e−λtμ(t,∞) dt

)
.

This implies that
∫∞
0

e−λtμ(t) dt ∼ λα/2−1�(λ) as λ → 0, and (5.43) holds
by Theorem 5.17. ��

Note that if φ(λ) ∼ bλ as λ →∞ and b > 0, nothing can be inferred about
the behavior of the density μ(t) near zero. Next we record the asymptotic
behavior of the Lévy density of the geometric stable subordinator. The first
claim follows from (5.24), and the second from the previous proposition.

Proposition 5.24. Let μ(dt) = μ(t) dt be the Lévy measure of a geometri-
cally α/2-stable subordinator. Then

(i) For 0 < α ≤ 2, μ(t) ∼ α
2t , t → 0+.

(ii) For 0 < α < 2, μ(t) ∼ α/2
Γ(1−α/2) t−α/2−1, t →∞. For α = 2, μ(t) = e−t

t .

In the case of iterated geometric stable subordinators, we have only partial
result for the asymptotic behavior of the density μ(n) which follows from
Proposition 5.43 (ii).

Proposition 5.25. For any α ∈ (0, 2),

μ(n)(t) ∼ (α/2)n

Γ(1− (α/2)n)
t−1−(α/2)n

, t→∞ .

Remark 5.26. Note that we do not give the asymptotic behavior of μ(n)(t)
as t → ∞ for α = 2 (iterated gamma subordinator), and the asymptotic
behavior of μ(n)(t) as t → 0+ for all α ∈ (0, 2]. It is an open problem to
determine the correct asymptotic behavior.

The following results are immediate consequences of Proposition 5.23.

Proposition 5.27. Suppose that α ∈ (0, 2) and β ∈ (0, 2 − α). Let μ(t) be
the Lévy density of the subordinator corresponding to Example 5.15. Then
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μ(t) ∼ α

2Γ(1− α/2)
t−1−α/2(log(1/t))β/2, t → 0+ ,

μ(t) ∼ α + β

2Γ(1− (α + β)/2)
t−1−(α+β)/2, t→∞ .

Proposition 5.28. Suppose that α ∈ (0, 2) and β ∈ (0, α). Let μ(t) be the
Lévy density of the subordinator corresponding to Example 5.16. Then

μ(t) ∼ α

2Γ(1− α/2)
1

t1+α/2(log(1/t))β/2
, t→ 0+ ,

μ(t) ∼ α− β

2Γ(1− (α− β)/2)
1

t1+(α−β)/2
, t→∞ .

We conclude this section with a discussion of the asymptotic behavior of
transition densities of geometric stable subordinators. Let S = (St : t ≥ 0)
be a geometric α/2-stable subordinator, and let (ηs : s ≥ 0) be the corre-
sponding convolution semigroup. Further, let (ρs : s ≥ 0) be the convolution
semigroup corresponding to an α/2-stable subordinator, and by abuse of
notation, let ρs denote the corresponding density. Then by (5.21) and the
explicit formula (5.20), we see that ηt has a density

fs(t) =
∫ ∞

0

ρu(t)
1

Γ(s)
us−1e−u du .

For s = 1, this formula reads

f1(t) =
∫ ∞

0

ρu(t)e−u du .

Moreover, we have shown in Example 5.11 that f1(t) is completely mono-
tone. To be more precise, f1(t) is the density of the distribution function
F (t) = 1− Eα/2(t) of the probability measure η1 (see (5.25)).

Proposition 5.29. For any α ∈ (0, 2),

f1(t) ∼
1

Γ(α/2)
tα/2−1 , t→ 0+ , (5.44)

f1(t) ∼ 2πΓ
(
1 +

α

2

)
sin
(απ

4

)
t−1−α

2 , t→∞ . (5.45)

Proof. The first relation follows from the explicit form of the distribution
function F (t) = 1 − Eα/2(t) and Karamata’s monotone density theorem.
For the second relation, use the scaling property of stable distribution,
ρu(t) = u−2/αρ1(u−2/αt), to get

f1(t) =
∫ ∞

0

e−uu−2/αρ1(u−2/αt) du.
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Now use (5.18), (5.19) and dominated convergence theorem to obtain the
required asymptotic behavior. ��

5.3 Subordinate Brownian Motion

5.3.1 Definitions and Technical Lemma

Let X = (Xt, P
x) be a d-dimensional Brownian motion. The transition

densities p(t, x, y) = p(t, y − x), x, y ∈ R
d, t > 0, of X are given by

p(t, x) = (4πt)−d/2 exp
(
−|x|

2

4t

)
.

The semigroup (Pt : t ≥ 0) of X is defined by Ptf(x) = E
x[f(Xt)] =∫

Rd p(t, x, y)f(y) dy, where f is a nonnegative Borel function on R
d. Recall

that if d ≥ 3, the Green function G(2)(x, y) = G(2)(x− y), x, y ∈ R
d, of X is

well defined and is equal to

G(2)(x) =
∫ ∞

0

p(t, x) dt =
Γ(d/2− 1)

4πd/2
|x|−d+2 .

Let S = (St : t ≥ 0) be a subordinator independent of X, with Laplace
exponent φ(λ), Lévy measure μ, drift b ≥ 0, no killing, potential mea-
sure U , and convolution semigroup (ηt : t ≥ 0). We define a new process
Y = (Yt : t ≥ 0) by Yt := X(St). Then Y is a Lévy process with characteris-
tic exponent Φ(x) = φ(|x|2) (see e.g. [135], pp.197–198) called a subordinate
Brownian motion. The semigroup (Qt : t ≥ 0) of the process Y is given by

Qtf(x) = E
x[f(Yt)] = E

x[f(X(St))] =
∫ ∞

0

Psf(x) ηt(ds) .

If the subordinator S is not a compound Poisson process, then Qt has a
density q(t, x, y) = q(t, x− y) given by q(t, x) =

∫∞
0

p(s, x) ηt(ds).
From now on we assume that the subordinate process Y is transient.

According to the criterion due to Port and Stone ([130]), Y is transient if
and only if for some small r > 0,

∫
|x|<r

R( 1
Φ(x) ) dx <∞. Since Φ(x) = φ(|x|2)

is real, it follows that Y is transient if and only if

∫
0+

λd/2−1

φ(λ)
dλ < ∞ . (5.46)
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This is always true if d ≥ 3, and, depending on the subordinator, may be
true for d = 1 or d = 2. For x ∈ R

d and A Borel subset of R
d, the occupation

measure is given by

G(x,A) = E
x

∫ ∞

0

1(Yt∈A) =
∫ ∞

0

Qt1A(x) dt =
∫ ∞

0

∫ ∞

0

Ps1A(x)ηt(ds) dt

=
∫ ∞

0

Ps1A U(ds) =
∫

A

∫ ∞

0

p(s, x, y)U(ds) dy ,

where the second line follows from (5.6). If A is bounded, then by the tran-
sience of Y , G(x,A) < ∞ for every x ∈ R

d. Let G(x, y) denote the density
of the occupation measure G(x, ·). Clearly, G(x, y) = G(y − x) where

G(x) =
∫ ∞

0

p(t, x)U(dt) =
∫ ∞

0

p(t, x)u(t) dt , (5.47)

and the last equality holds in case when U has a potential density u.
The Lévy measure π of Y is given by (see e.g. [135], pp. 197–198)

π(A) =
∫

A

∫ ∞

0

p(t, x)μ(dt) dx =
∫

A

J(x) dx , A ⊂ R
d ,

where
J(x) :=

∫ ∞

0

p(t, x)μ(dt) =
∫ ∞

0

p(t, x)μ(t)dt , (5.48)

is called the jumping function of Y . The last equality is valid in the case
when μ(dt) has a density μ(t). Define the function j : (0,∞) → (0,∞) by

j(r) :=
∫ ∞

0

(4π)−d/2t−d/2 exp
(
−r2

4t

)
μ(dt) , r > 0 , (5.49)

and note that by (5.48), J(x) = j(|x|), x ∈ R
d \ {0}. We state the follow-

ing well-known conditions describing when a Lévy process is a subordinate
Brownian motion (for a proof, see e.g. [97], pp. 190–192).

Proposition 5.30. Let Y = (Yt : t ≥ 0) be a d-dimensional Lévy process
with the characteristic triple (b, A, π). Then Y is a subordinate Brownian
motion if and only if π has a rotationally invariant density x �→ j(|x|) such
that r �→ j(

√
r) is a completely monotone function on (0,∞), A = cId with

c ≥ 0, and b = 0.

Example 5.31. (i) Let φ(λ) = λα/2, 0 < α < 2, and let S be the correspond-
ing α/2-stable subordinator. The characteristic exponent of the subordinate
process Y is equal to Φ(x) = φ(|x|2) = |x|α. Hence Y is a rotationally
invariant α-stable process. From now on we will (imprecisely) refer to this
process as a symmetric α-stable process. Y is transient if and only if d > α.
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The jumping function of Y is given by

J(x) =
α2α−1Γ(d+α

2 )
πd/2Γ(1− α

2 )
|x|−α−d, x ∈ R

d ,

and when d ≥ 3, the Green function of Y is given by the Riesz kernel

G(x) =
1

πd/22α

Γ(d−α
2 )

Γ(α
2 )

|x|α−d, x ∈ R
d .

(ii) For 0 < α < 2 and m > 0, let φ(λ) = (λ + mα/2)2/α − m,
and let S be the corresponding relativistic α/2-stable subordinator.
The characteristic exponent of the subordinate process Y is equal to
Φ(x) = φ(|x|2) = (|x|2+mα/2)2/α−m. The process Y is called the symmetric
relativistic α-stable process. Y is transient if and only if d > 2.
(iii) Let φ(λ) = log(1 + λ), and let S be the corresponding gamma subor-
dinator. The characteristic exponent of the subordinate process Y is given
by Φ(x) = log(1 + |x|2). The process Y is known in some finance literature
(see [121] and [77]) as a variance gamma process (at least for d = 1). Y is
transient if and only if d > 2.
(iv) For 0 < α < 2, let φ(λ) = log(1 + λα/2), and let S be the corresponding
subordinator. The characteristic exponent of the subordinate process Y is
given by Φ(x) = log(1 + |x|α). The process Y is known as a rotationally
invariant geometric α-stable process. From now on we will (imprecisely) refer
to this process as a symmetric geometric α-stable process. Y is transient if
and only if d > α.
(v) For 0 < α < 2, let φ(1)(λ) = log(1 + λα/2), and for n > 1, let φ(n)(λ) =
φ(1)(φ(n−1)(λ). Let S(n) be the corresponding iterated geometric stable subor-
dinator. Denote Y

(n)
t = X(S(n)

t ). Y (n) is transient if and only if d > 2(α/2)n.
(vi) For 0 < α < 2 let φ(λ) = bλ+λα/2, and let S be the corresponding subor-
dinator. The characteristic exponent of the subordinate process Y is Φ(x) =
b|x|2 + |x|α. Hence Y is the sum of a (multiple of) Brownian motion and an
independent α-stable process. Similarly, we can realize the sum of an α-stable
and an independent β-stable processes by subordinating Brownian motion X
with a subordinator having the Laplace exponent φ(λ) = λα/2 + λβ/2.
(vii) The characteristic exponent of the subordinate Brownian motion with
the Bessel subordinator SI is log((1 + |x|2) +

√
(1 + |x|2)2 − 1) and so this

process is transient if and only if d > 1. The characteristic exponent of the
subordinate Brownian motion with the Bessel subordinator SK is 1

2 (log((1+
|x|2)+

√
(1 + |x|2)2 − 1))2 and so this process is transient if and only if d > 2.

(viii) For α ∈ (0, 2), β ∈ (0, 2 − α), let S be the subordinator with Laplace
exponent φ(λ) = λα/2(log(1 + λ))β/2. The characteristic exponent of the
subordinate process Y is Φ(x) = |x|α(log(1 + |x|2))β/2. Y is transient if and
only if d > α + β.
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(ix) For α ∈ (0, 2), β ∈ (0, α), let S be the subordinator with Laplace ex-
ponent φ(λ) = λα/2(log(1 + λ))−β/2. The characteristic exponent of the
subordinate process Y is Φ(x) = |x|α(log(1+ |x|2))−β/2. Y is transient if and
only if d > α− β.

In order to establish the asymptotic behaviors of the Green function G
and the jumping function J of the subordinate Brownian motion Y , we start
by defining an auxiliary function. For any slowly varying function � at infinity
and any ξ > 0, let

f�,ξ(y, t) :=

{
�(1/y)
�(4t/y) , y < t

ξ ,

0, y ≥ t
ξ .

Now we state and prove the key technical lemma.

Lemma 5.32. Suppose that w : (0,∞) → (0,∞) is a decreasing function
satisfying the following two assumptions:

(i) There exist constants c0 > 0 and β ∈ [0, 2] with β > 1 − d/2, and a
continuous functions � : (0,∞) → (0,∞) slowly varying at ∞ such that

w(t) ∼ c0

tβ�(1/t)
, t→ 0 + . (5.50)

(ii) If d = 1 or d = 2, then there exist a constant c∞ > 0 and a constant
γ < d/2 such that

w(t) ∼ c∞tγ−1 , t→ +∞ . (5.51)

Let g : (0,∞) → (0,∞) be a function such that∫ ∞

0

td/2−2+β e−tg(t) dt < ∞ .

If there is ξ > 0 such that f�,ξ(y, t) ≤ g(t) for all y, t > 0, then

I(x) :=
∫ ∞

0

(4πt)−d/2e−
|x|2
4t w(t) dt

∼ c0Γ(d/2 + β − 1)
41−βπd/2

1
|x|d+2β−2 �( 1

|x|2 )
, |x| → 0 .

Proof. Let us first note that the assumptions of the lemma guarantee that
I(x) <∞ for every x �= 0. By a change of variable we get

∫ ∞

0

(4πt)−d/2e−
|x|2
4t w(t) dt =

|x|−d+2

4πd/2

∫ ∞

0

td/2−2e−tw

(
|x|2
4t

)
dt

=
1

4πd/2

(
|x|−d+2

∫ ξ|x|2

0

+|x|−d+2

∫ ∞

ξ|x|2

)

=
1

4πd/2

(
|x|−d+2I1 + |x|−d+2I2

)
.
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We first consider I1 for the case d = 1 or d = 2. It follows from the assump-
tions that there exists a positive constant c1 such that w(s) ≤ c1s

γ−1 for all
s ≥ 1/(4ξ). Thus

I1 ≤
∫ ξ|x|2

0

td/2−2e−tc1

(
|x|2
4t

)γ−1

dt

≤ c2|x|2γ−2

∫ ξ|x|2

0

td/2−γ−1 dt = c3|x|d−2 .

It follows that

lim
|x|→0

|x|−d+2I1
1

|x|d+2β−2 �( 1
|x|2 )

= 0 . (5.52)

In the case d ≥ 3, we proceed similarly, using the bound w(s) ≤ w(1/(4ξ))
for s ≥ 1/(4ξ).

Now we consider I2:

|x|−d+2I2 =
1

|x|d−2

∫ ∞

ξ|x|2
td/2−2e−tw

(
|x|2
4t

)
dt

=
4β

|x|d+2β−2 �( 1
|x|2 )

∫ ∞

ξ|x|2
td/2−2+βe−t

w
(

|x|2
4t

)
1(

|x|2
4t

)β
� ( 4t

|x|2 )

�( 1
|x|2 )

�( 4t
|x|2 )

dt .

Using the assumption (5.50), we can see that there is a constant c > 0 such
that

w
(

|x|2
4t

)
1(

|x|2
4t

)β
�( 4t

|x|2 )

< c

for all t and x satisfying |x|2/(4t) ≤ 1/(4ξ). Since � is slowly varying at
infinity,

lim
|x|→0

�( 1
|x|2 )

�( 4t
|x|2 )

= 1

for all t > 0. Note that

�( 1
|x|2 )

�( 4t
|x|2 )

= f�,ξ(|x|2, t) .

It follows from the assumption that

td/2−2+βe−t
w
(

|x|2
4t

)
1(

|x|2
4t

)β
�( 4t

|x|2 )

�( 1
|x|2 )

�( 4t
|x|2 )

≤ ctd/2−2+βe−tg(t) .
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Therefore, by the dominated convergence theorem we have

lim
|x|→0

∫ ∞

ξ|x|2
td/2−2+βe−t

w
(

|x|2
4t

)
1(

|x|2
4t

)β
�( 4t

|x|2 )

�( 1
|x|2 )

�( 4t
|x|2 )

dt =
∫ ∞

0

c0t
d/2−2+βe−t dt

= c0Γ(d/2 + β − 1) .

Hence,
lim

|x|→0

|x|−d+2I2

4β

|x|d+2β−2�( 1
|x|2 )

= c0Γ(d/2 + β − 1) . (5.53)

Finally, combining (5.52) and (5.53) we get

lim
|x|→0

I(x)
1

|x|d+2β−2�( 1
|x|2 )

=
c0Γ(d/2 + β − 1)

41−βπd/2
.

��

Remark 5.33. Note that if in (5.50) we have that � = 1, then f�,ξ = 1,
hence f�,ξ(y, t) ≤ g(y) and

∫∞
0

td/2+β−2e−tg(t) dt < ∞ with g = 1 provided
β > 1− d/2.

5.3.2 Asymptotic Behavior of the Green Function

The goal of this subsection is to establish the asymptotic behavior of the
Green function G(x) of the subordinate process Y under certain assumptions
on the Laplace exponent of the subordinator S. We start with the asymptotic
behavior when |x| → 0 for the following cases: (1) φ(λ) has a power law be-
havior at∞, (2) S is a geometric α/2-stable subordinator, 0 < α ≤ 2, (3) S is
an iterated geometric stable subordinator, (4) S is a Bessel subordinator, and
(v) S is the subordinator corresponding to Example 5.15 or Example 5.16.

Theorem 5.34. Suppose that S = (St : t ≥ 0) is a subordinator whose
Laplace exponent φ(λ) = bλ +

∫∞
0

(1− e−λt)μ(dt) satisfies one of the follow-
ing two assumptions:

(i) b > 0,
(ii) S is a special subordinator and φ(λ) ∼ γ−1λα/2 as λ →∞, for 0 < α < 2.

If Y is transient, then

G(x) ∼ γ

πd/22α

Γ(d−α
2 )

Γ(α
2 )

|x|α−d, |x| → 0, (5.54)

(where in case (i), γ−1 = b and α = 2).
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Proof. (i) In this case, φ(λ) ∼ bλ, λ →∞. By Proposition 5.7, the potential
measure U has a continuous density u satisfying u(0+) = 1/b = γ and
u(t) ≤ u(0+) for all t > 0. Note first that by change of variables

∫ ∞

0

(4πt)−d/2 exp
(
−|x|

2

4t

)
u(t) dt =

|x|−d+2

4πd/2

∫ ∞

0

sd/2−2e−su

(
|x|2
4s

)
ds .

(5.55)
By Proposition 5.7, limx→0 u(|x|2/(4s)) = u(0+) = γ for all s > 0 and
u(|x|2/(4s)) is bounded by u(0+). Hence, by the bounded convergence
theorem,

lim
x→0

1
|x|−d+2

∫ ∞

0

(4πt)−d/2 exp
(
−|x|

2

4t

)
u(t) dt =

γΓ(d/2− 1)
4πd/2

. (5.56)

(ii) In this case the potential measure U has a decreasing density u which by
(5.28) satisfies

u(t) ∼ γ

Γ(α/2)
1

t1−α/2
, t→ 0 + .

By recalling Remark 5.33, we can now apply Lemma 5.32 with β = 1− α/2
to obtain the required asymptotic behavior. ��

Theorem 5.35. For any α ∈ (0, 2], let φ(λ) = log(1+λα/2) and let S be the
corresponding geometric α/2-stable subordinator. If d > α, then the Green
function of the subordinate process Y satisfies

G(x) ∼ Γ(d/2)
2απd/2|x|d log2 1

|x|
, |x| → 0. (5.57)

Proof. We apply Lemma 5.32 with w(t) = u(t), the potential density of
S. By Proposition 5.19, u(t) ∼ 2

αt log2 t
as t → 0+, so we take c0 = 2/α,

β = 1 and �(t) = log2 t. Moreover, by the second part of Proposition 5.19,
u(t) ∼ tα/2−1/(Γ(α)/2) as t → +∞, so we can take γ = α/2 < d/2. Choose
ξ = 1/2. Let

f(y, t) := f�,1/2(y, t) =

{
log2 y
log2 y

4t
, y < 2t ,

0 , y ≥ 2t .

Define

g(t) :=

{
log2 2t
log2 2

, t < 1
4 ,

1 , t ≥ 1
4 .

In order to show that f(y, t) ≤ g(t), first let t < 1/4. Then y �→ f(y, t) is an
increasing function for 0 < y < 2t. Hence,

sup
0<y<2t

f(y, t) = f(2t, t) =
log2 2t

log2 2
.
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Clearly, f(y, 1/4) = 1. For t > 1/4, y �→ f(y, t) is a decreasing function for
0 < y < 1. Hence

sup
0<y<(2t)∧1

f(y, t) = f(0, t) := lim
y→0

f(y, t) = 1 .

For t > 1/2, elementary consideration gives that

sup
1<y<2t

f(y, t) ≤ log2 2t

log2 2
.

Clearly, ∫ ∞

0

td/2−1e−tg(t) dt < ∞ ,

and the required asymptotic behavior follows from Lemma 5.32. ��

For n ≥ 1, let S(n) be the iterated geometric stable subordinator with the
Laplace exponent φ(n). Recall that φ(1)(λ) = log(1 + λα/2), 0 < α ≤ 2, and
φ(n) = φ(1) ◦ φ(n−1). Let Y

(n)
t = X(S(n)

t ) be the subordinate process and
assume that d > 2(α/2)n. Denote the Green function of Y (n) by G(n). We
want to study the asymptotic behavior of G(n) using Lemma 5.32. In order
to check the conditions of that lemma, we need some preparations.

For n ∈ N, define fn : (0, 1/en)× (0,∞) → [0,∞) by

fn(y, t) :=

⎧⎨
⎩

Ln−1(
1
y )ln( 1

y )2

Ln−1(
4t
y )ln( 4t

y )2
, y < 2t

en
,

0 , y ≥ 2t
en

.

Note that fn is equal to the function f�,ξ, defined before Lemma 5.32, with
�(y) = Ln−1(y)ln(y)2 and ξ = en/2. Also, for n ∈ N, let

gn(t) :=

{
fn( 2t

en
, t) , t < 1/4 ,

1 , t ≥ 1/4 .

Moreover, for n ∈ N, define hn : (0, 1/en)× (0,∞) → (0,∞) by

hn(y, t) :=
ln( 1

y )

ln( 4t
y )

.

Clearly, for 0 < y < 2t
en
∧ 1

en
we have that

fn(y, t) = h1(y, t) . . . hn−1(y, t)hn(y, t)2 . (5.58)
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Lemma 5.36. For all y ∈ (0, 1/en) and all t > 0 we have fn(y, t) ≤ gn(t).
Moreover,

∫∞
0

td/2−1e−tgn(t) dt < ∞.

Proof. A direct calculation of partial derivative gives

∂hn

∂y
(y, t) =

Ln( 1
y )− Ln( 4t

y )

yLn−1( 1
y )Ln−1( 4t

y )ln( 4t
y )2

.

The denominator is always positive. Clearly, the numerator is positive if
and only if t > 1/4. Therefore, for t < 1/4, y �→ hn(y, t) is increasing on
(0, 2t/en), while for t > 1/4 it is decreasing on (0, 2t/en).

Let t < 1/4. It follows from (5.58) and the fact that y �→ hn(y, t) is increas-
ing on (0, 2t/en) that y �→ fn(y, t) is increasing for 0 < y < 2t/en. Therefore,

sup
0<y<2t/en

fn(y, t) ≤ fn(2t/en, t) = gn(t) .

Clearly, fn(y, 1/4) = 1. For y ≥ 1/4, it follows from (5.58) and the fact that
y �→ hn(y, t) is decreasing on (0, 2t/en) that y �→ fn(y, t) is decreasing for
0 < y < 1/en. Hence

sup
0<y< 2t

en
∧ 1

en

fn(y, t) = f(0, t) := lim
y→0

fn(y, t) = 1 .

For t > 1/2, elementary consideration gives that

sup
1

en
<y< 2t

en
∧ 1

en

fn(y, t) ≤ gn(t).

The integrability statement of the lemma is obvious. ��

Theorem 5.37. If d > 2(α/2)n, we have

G(n)(x) ∼ Γ(d/2)
2απd/2|x|dLn−1(1/|x|2)ln(1/|x|2)2 , |x| → 0.

Proof. We apply Lemma 5.32 with w(t) = u(n)(t), the potential density of
S(n). By Proposition 5.21,

u(n)(t) ∼ 2
αtLn−1(1/t)ln(1/t)2

, t→ 0+,

so we take c0 = 2/α, β = 1 and �(t) = Ln−1(t)ln(t)2. By the second part
of Proposition 5.21, u(n)(t) is of order t(α/2)n−1 as t → ∞, so we may take
γ = (α/2)n < d/2. Choose ξ = en/2. The result follows from Lemma 5.32
and Lemma 5.36 ��
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Using arguments similar to that used in the proof of Theorem 5.35,
together with Proposition 5.22, (5.32) and (5.34), we can easily get the
following two results.

Theorem 5.38. (i) Suppose d > 1. Let GI be the Green function of the
subordinate Brownian motion via the Bessel subordinator SI . Then

GI(x) ∼ Γ(d/2)
4πd/2|x|d log2 1

|x|
, |x| → 0.

(ii) Suppose d > 2. Let GK be the Green function of the subordinate Brownian
motion via the Bessel subordinator SK . Then

GK(x) ∼ Γ(d/2)
4πd/2|x|d log3 1

|x|
, |x| → 0.

Theorem 5.39. Suppose α ∈ (0, 2), β ∈ (0, 2 − α) and that S is the subor-
dinator corresponding Example 5.15. If d > α + β, the Green function of the
subordinate Brownian motion via S satisfies

G(x) ∼ αΓ((d− α)/2
2α+1πd/2Γ(1 + α/2)

1
|x|d−α(log(1/|x|2))β/2

, |x| → 0.

Theorem 5.40. Suppose α ∈ (0, 2), β ∈ (0, α) and that S is the subordi-
nator corresponding Example 5.16. If d > α − β, the Green function of the
subordinate Brownian motion via S satisfies

G(x) ∼ αΓ((d− α)/2
2α+1πd/2Γ(1 + α/2)

(log(1/|x|2))β/2

|x|d−α
, |x| → 0.

Proof. The proof of this theorem is similar to that of Theorem 5.35, the
only difference is that in this case when applying Lemma 5.32 we take the
slowly varying function � to be

�(t) =
{

(log2 t)−β/4, t ≥ 2,

(log2 2)−β/4, t ≤ 2.

Then using argument similar to that in the proof of Theorem 5.35 we can
show that with the functions defined by

f(y, t) =

{
�(1/y)
�(4t/y) , y < 2t,

0, y ≥ 2t
=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
log2(4t/y)
log2(1/y)

)β/4

, t < 1/4, y < 2t,(
log2(4t/y)
log2(1/y)

)β/4

, t ≥ 1/4, y < 1/2,(
log2(4t/y)

log2 2

)β/4

, t < 1/4, 1/2 < y < 2t,

0, y ≥ 2t,
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and

g(t) =

⎧⎨
⎩
(

log2(8t)
log2 2

)β/4

, t > 1/4,

1, t ≤ 1/4.

we have f(y, t) ≤ g(t) for all y > 0 and t > 0. The rest of the proof is exactly
the same as that of Theorem 5.35. ��

By using results and methods developed so far, we can obtain the following
table of the asymptotic behavior of the Green function of the subordinate
Brownian motion depending on the Laplace exponent of the subordinator.
The left column contains Laplace exponents, while the right column describes
the asymptotic behavior of G(x) as |x| → 0, up to a constant.

Laplace exponent φ Green function G ∼ c ·
λ |x|−d |x|2∫ 1

0
λ1−ββηdβ (η > −1) |x|−d |x|2 log( 1

|x|2 )η+1

λα/2(log(1 + λ))β/2, 0 < α < 2, 0 < β < 2− α, |x|−d |x|α 1
(log(1/|x|2))β/2

λα/2, 0 < α < 2 |x|−d |x|α
λα/2(log(1 + λ))−β/2, 0 < α < 2, 0 < β < α, |x|−d |x|α(log(1/|x|2))β/2

log(1 + λα/2), 0 < α ≤ 2 |x|−d 1
log2 1

|x|2

φ(n)(λ) |x|−d 1
Ln−1(

1
x )ln( 1

x )2

Notice that the singularity of the Green function increases from top to
bottom. This is, of course, a consequence of the fact that the corresponding
subordinator becomes slower and slower, hence the subordinate process Y
moves also more slowly for small times.

We look now at the asymptotic behavior of the Green function G(x) for
|x| → ∞.

Theorem 5.41. Suppose that S = (St : t ≥ 0) is a subordinator whose
Laplace exponent

φ(λ) = bλ +
∫ ∞

0

(1− e−λt)μ(dt)

is a special Bernstein function such that limλ→∞ φ(λ) = ∞. If φ(λ) ∼
γ−1λα/2 as λ → 0+ for α ∈ (0, 2] with α < d and a positive constant γ, then

G(x) ∼ γ

πd/22α

Γ(d−α
2 )

Γ(α
2 )

|x|α−d

as |x| → ∞.

Proof. By Theorem 5.1 the potential measure of the subordinator has a
decreasing density. By use of Theorem 5.17, the assumption φ(λ) ∼ γ−1λα/2

as λ → 0+ implies that
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u(t) ∼ γ

Γ(α/2)
tα/2−1 , t→∞ .

Since u is decreasing and integrable near 0, it is easy to show that there
exists t0 > 0 such that u(t) ≤ t−1 for all t ∈ (0, t0). Hence, we can find a
positive constant C such that

u(t) ≤ C(t−1 ∨ tα/2−1) . (5.59)

By change of variables we have

∫ ∞

0

(4πt)−d/2 exp
(
−|x|

2

4t

)
u(t) dt

=
1

4πd/2
|x|−d+2

∫ ∞

0

sd/2−2e−su

(
|x|2
4s

)
ds

=
γ

4πd/2Γ(α/2)
|x|−d+α

∫ ∞

0

sd/2−2e−s
u
(

|x|2
4s

)

γ
Γ(α/2)

(
|x|2
4s

)α/2−1

(
1
4s

)α/2−1

ds

=
γ

2απd/2Γ(α/2)
|x|−d+α

∫ ∞

0

sd/2−α/2−1e−s
u
(

|x|2
4s

)

γ
Γ(α/2)

(
|x|2
4s

)α/2−1
ds .

Let |x| ≥ 2. Then by (5.59),

u
(

|x|2
4s

)
(

|x|2
4s

)α/2−1
≤ C

((
|x|2
4s

)−α/2

∨ 1

)
≤ C(sα/2 ∨ 1) .

It follows that the integrand in the last formula above is bounded by an inte-
grable function, so we may use the dominated convergence theorem to obtain

lim
|x|→∞

1
|x|−d+α

∫ ∞

0

(4πt)−d/2 exp
(
−|x|

2

4t

)
u(t) dt =

γ

2απd/2

Γ(d−α
2 )

Γ(α
2 )

,

which proves the result. ��
Examples of subordinators that satisfy the assumptions of the last theorem

are relativistic β/2-stable subordinators (with α in the theorem equal to 2),
gamma subordinator (α = 2), geometric β/2-stable subordinators (α = β),
iterated geometric stable subordinators, Bessel subordinators SI , α = 1, and
SK , α = 2, and also subordinators corresponding to Examples 5.15 and 5.16.

Remark 5.42. Suppose that St = bt+ S̃t where b is positive and S̃t is a pure
jump special subordinator with finite expectation. Then φ(λ) ∼ bλ, λ → ∞,
and φ(λ) ∼ φ′(0+)λ, λ → 0. This implies that, when d ≥ 3, the Green
function of the subordinate process Y satisfies G(x)  G(2)(x) for all x ∈ R

d.
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5.3.3 Asymptotic Behavior of the Jumping Function

The goal of this subsection is to establish results on the asymptotic behavior
of the jumping function near zero, and results about the rate of decay of
the jumping function near zero and near infinity. We start by stating two
theorems on the asymptotic behavior of the jumping functions at zero for
subordinate Brownian motions via subordinators corresponding to Examples
5.15 and 5.16. We omit the proofs which rely on Lemma 5.32 and are similar
to proofs of Theorems 5.39 and 5.40.

Theorem 5.43. Suppose α ∈ (0, 2), β ∈ (0, 2 − α) and that S is the sub-
ordinator corresponding to Example 5.15. Then the jumping function of the
subordinate Brownian motion Y via S satisfies

J(x) ∼ αΓ((d + α)/2)
21−απd/2Γ(1− α/2)

(log(1/|x|2))β/2

|x|d+α
, |x| → 0.

Theorem 5.44. Suppose α ∈ (0, 2), β ∈ (0, α) and that S is the subordinator
corresponding to Example 5.16. Then the jumping function of the subordinate
Brownian motion Y via S satisfies

J(x) ∼ αΓ((d + α)/2)
21−απd/2Γ(1− α/2)

1
|x|d+α(log(1/|x|2))β/2

, |x| → 0.

We continue by establishing the asymptotic behavior of the jumping func-
tion for the geometric stable processes. More precisely, for 0 < α ≤ 2, let
φ(λ) = log(1 + λα/2), S the corresponding geometric α/2-stable subordina-
tor, Yt = X(St) the subordinate process and J the jumping function of Y .

Theorem 5.45. For every α ∈ (0, 2], it holds that

J(x) ∼ αΓ(d/2)
2|x|d , |x| → 0.

Proof. We again apply Lemma 5.32, this time with w(t) = μ(t), the density
of the Lévy measure of S. By Proposition 5.24 (i), μ(t) ∼ α

2t as t → 0+, so
we take c0 = α/2, β = 1 and �(t) = 1. By Proposition 5.24 (ii), μ(t) is of the
order t−α/2−1 as t → +∞, so we may take γ = −α/2. Choose ξ = 1/2 and
let g = 1. ��

Theorem 5.46. For every α ∈ (0, 2) we have

J(x) ∼ α

2α+1πd/2

Γ(d+α
2 )

Γ(1− α
2 )
|x|−d−α, |x| → ∞.
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Proof. By Proposition 5.24 (ii),

μ(t) ∼ α

2Γ(1− α/2)
t−α/2−1 , t→∞ .

Now combine this with Proposition 5.24 (i) to get that

μ(t) ≤ C(t−1 ∨ t−α/2−1) , t > 0 . (5.60)

By change of variables we have

∫ ∞

0

(4πt)−d/2 exp
(
−|x|

2

4t

)
μ(t) dt

=
1

4πd/2
|x|−d+2

∫ ∞

0

sd/2−2e−sμ

(
|x|2
4s

)
ds

=
α

8πd/2Γ(1−α/2)
|x|−d−α

∫ ∞

0

sd/2−2e−s
μ
(
|x|2
4s

)

α
2Γ(1−α/2)

(
|x|2
4s

)−α/2−1

(
1
4s

)−α/2−1

ds

=
α

2α+1πd/2Γ(1−α/2)
|x|−d−α

∫ ∞

0

sd/2+α/2−1e−s
μ
(

|x|2
4s

)

α
aΓ(1−α/2)

(
|x|2
4s

)−α/2−1
ds .

Let |x| ≥ 2. Then by (5.60),

u
(

|x|2
4s

)
(

|x|2
4s

)−α/2−1
≤ C

((
|x|2
4s

)α/2

∨ 1

)
≤ C(s−α/2 ∨ 1) .

It follows that the integrand in the last display above is bounded by an inte-
grable function, so we may use the dominated convergence theorem to obtain

lim
|x|→∞

1
|x|−d−α

∫ ∞

0

(4πt)−d/2 exp
(
−|x|

2

4t

)
μ(t) dt =

α

2α+1πd/2

Γ(d+α
2 )

Γ(1− α
2 )

,

(5.61)

which proves the result. ��

In the case α = 2, the behavior of J at ∞ is different and is given in the
following result.

Theorem 5.47. When α = 2, we have

J(x) ∼ 2−d/2π− d−1
2

e−|x|

|x| d+1
2

, |x| → ∞.
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Proof. By change of variables we get that

J(x) =
1
2

∫ ∞

0

t−1e−t(4πt)−d/2 exp(−|x|
2

2
)dt

= 2−d−1π−d/2|x|−d

∫ ∞

0

s
d
2−1e−

s
4−

|x|2
s ds

= 2−d−1π−d/2|x|−dI(|x|),

where
I(r) =

∫ ∞

0

s
d
2−1e−

s
4− r2

s ds.

Using the change of variable u =
√

s
2 − r√

s
we get

I(r) = e−r

∫ ∞

0

s
d
2−1e

−(
√

s
2 − r√

s
)2

ds

= e−r

∫ ∞

−∞

2(u +
√

u2 + 2r)d

√
u2 + 2r

e−u2
du

= 2e−rr
d−1
2

∫ ∞

−∞

u +
√

u2 + 2r√
u2 + 2r

(
u√
r

+

√
u2

r
+ 2)d−1e−u2

du .

Therefore by the dominated convergence theorem we obtain

I(r) ∼ 2
d
2 +1
√

πe−rr
d−1
2 , r →∞.

Now the assertion of the theorem follows immediately. ��

Let Y
(n)
t = X(S(n)

t ) be Brownian motion subordinated by the iterated
geometric subordinator S(n), and let J (n) be the corresponding jumping func-
tion. Because of Remark 5.26, we were unable to determine the asymptotic
behavior of J (n).

Assume now that φ(λ) is a complete Bernstein function which asymptot-
ically behaves as λα/2 as λ → 0+ (resp. as λ → ∞). Similar arguments as
in Theorems 5.45 and 5.46 would yield that the jumping function J of the
corresponding subordinate Brownian motion behaves (up to a constant) as
|x|−α−d as |x| → ∞ (resp. as |x|−α−d as |x| → 0). We are not going to pursue
this here, because, firstly, such behavior of the jumping kernel is known from
the case of α-stable processes, and secondly, in the sequel we will not be in-
terested in precise asymptotics of J , but rather in the rate of decay near zero
and near infinity. Recall that μ(t) denotes the decreasing density of the Lévy
measure of the subordinator S (which exists since φ is assumed to be complete
Bernstein), and recall that the function j : (0,∞) → (0,∞) was defined by

j(r) :=
∫ ∞

0

(4π)−d/2t−d/2 exp
(
−r2

4t

)
μ(t) dt , r > 0 , (5.62)

and that J(x) = j(|x|), x ∈ R
d \ {0}.
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Proposition 5.48. Suppose that there exists a positive constant c1 > 0 such
that

μ(t) ≤ c1 μ(2t) for all t ∈ (0, 8) , (5.63)
μ(t) ≤ c1 μ(t + 1) for all t > 1 . (5.64)

Then there exists a positive constant c2 such that

j(r) ≤ c2j(2r) for all r ∈ (0, 2) , (5.65)
j(r) ≤ c2j(r + 1) for all r > 1 . (5.66)

Also, r �→ j(r) is decreasing on (0,∞).

Proof. For simplicity we redefine in this proof the function j by dropping
the factor (4π)−d/2 from its definition. This does not effect (5.65) and (5.66).

Let 0 < r < 2. We have

j(2r) =
∫ ∞

0

t−d/2 exp(−r2/t)μ(t) dt

=
1
2

(∫ 1/2

0

t−d/2 exp(−r2/t)μ(t) dt +
∫ ∞

1/2

t−d/2 exp(−r2/t)μ(t) dt

+
∫ 2

0

t−d/2 exp(−r2/t)μ(t) dt +
∫ ∞

2

t−d/2 exp(−r2/t)μ(t) dt

)

≥ 1
2

(∫ ∞

1/2

t−d/2 exp(−r2/t)μ(t) dt +
∫ 2

0

t−d/2 exp(−r2/t)μ(t) dt

)

=
1
2
(I1 + I2).

Now,

I1 =
∫ ∞

1/2

t−d/2 exp(−r2

t
)μ(t) dt =

∫ ∞

1/2

t−d/2 exp(−r2

4t
) exp(−3r2

4t
)μ(t) dt

≥
∫ ∞

1/2

t−d/2 exp(−r2

4t
) exp(−3r2

2
)μ(t) dt ≥ e−6

∫ ∞

1/2

t−d/2 exp(−r2

4t
)μ(t) dt ,

I2 =
∫ 2

0

t−d/2 exp(−r2

t
)μ(t) dt = 4−d/2+1

∫ 1/2

0

s−d/2 exp(− r2

4s
)μ(4s) ds

≥ c−2
1 4−d/2+1

∫ 1/2

0

s−d/2 exp(− r2

4s
)μ(s) ds.

Combining the three displays above we get that j(2r) ≥ c3 j(r) for all
r ∈ (0, 2).
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To prove (5.66) we first note that for all t ≥ 2 and all r ≥ 1 it holds that

(r + 1)2

t
− r2

t− 1
≤ 1 .

This implies that

exp(− (r + 1)2

4t
) ≥ e−1/4 exp(− r2

4(t− 1)
), for all r > 1, t > 2 . (5.67)

Now we have

j(r + 1) =
∫ ∞

0

t−d/2 exp(− (r + 1)2

4t
)μ(t) dt

≥ 1
2

(∫ 8

0

t−d/2 exp(− (r + 1)2

4t
)μ(t) dt +

∫ ∞

3

t−d/2 exp(− (r + 1)2

4t
)μ(t) dt

)

=
1
2
(I3 + I4).

For I3 note that (r + 1)2 ≤ 4r2 for all r > 1. Thus

I3 =
∫ 8

0

t−d/2 exp(− (r + 1)2

4t
)μ(t) dt ≥

∫ 8

0

t−d/2 exp(−r2/t)μ(t) dt

= 4−d/2+1

∫ 2

0

s−d/2 exp(− r2

4s
)μ(4s) ds

≥ c−2
1 4−d/2+1

∫ 2

0

s−d/2 exp(− r2

4s
)μ(s) ds ,

I4 =
∫ ∞

3

t−d/2 exp(− (r + 1)2

4t
)μ(t) dt

≥
∫ ∞

3

t−d/2 exp{−1/4} exp(− r2

4(t− 1)
)μ(t) dt

= e−1/4

∫ ∞

2

(s− 1)−d/2 exp(− r2

4s
)μ(s + 1) ds

≥ c−1
1 e−1/4

∫ ∞

2

s−d/2 exp(− r2

4s
)μ(s) ds .

Combining the three displays above we get that j(r + 1) ≥ c4 j(r) for all
r > 1. ��

Suppose that S = (St : t ≥ 0) is an α/2-stable subordinator, or a relativis-
tic α/2-stable subordinator, or a gamma subordinator. By the explicit forms
of the Lévy densities given in Examples 5.8, 5.9 and 5.10 it is straightforward
to verify that in all three cases μ(t) satisfies (5.63) and (5.64). For the Bessel
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subordinators, by use of asymptotic behavior of modified Bessel functions
I0 and K0, one obtains that μI(t) ∼ e−t/t, t → 0+, μI(t) ∼ (1/

√
2π) t−3/2,

t → ∞, μK(t) ∼ log(1/t)/t, t → 0+, and μK(t) ∼
√

π/2 e−2t t−3/2, t → ∞.
From Propositions 5.27 and 5.28, it is easy to see that corresponding Lévy
densities satisfy (5.63) and (5.64). In the case when S is a geometric α/2-
stable subordinator or when S is the subordinator corresponding to Example
5.15, respectively Example 5.16, these two properties follow from Proposition
5.24, and Proposition 5.27, respectively Proposition 5.28. In the case of an
iterated geometric stable subordinator with 0 < α < 2, (5.64) is a conse-
quence of Proposition 5.25, but we do not know whether (5.63) holds true.
By using a different approach, we will show that if j(n) : (0,∞) → (0,∞) is
such that J (n)(x) = j(n)(|x|), then (5.65) and (5.66) are still true.

We first observe that symmetric geometric α-stable process Y can be
obtained by subordinating a symmetric α-stable process Xα via a gamma
subordinator S. Indeed, the characteristic exponent of Xα being equal to
|x|α, and the Laplace exponent of S being equal to log(1+λ), the composition
of these two gives the characteristic exponent log(1 + |x|α) of a symmetric
geometric α-stable process. Let pα(t, x, y) = pα(t, x−y) denote the transition
densities of the symmetric α-stable process, and let qα(t, x, y) = qα(t, x− y)
denote the transition densities of the symmetric geometric α-stable process,
x, y ∈ R

d, t ≥ 0. Then

qα(t, x) =
∫ ∞

0

pα(s, x)
1

Γ(t)
st−1e−sds . (5.68)

Also, similarly as in (5.48), the jumping function of Y can be written as

J(x) =
∫ ∞

0

pα(t, x)t−1e−t dt , x ∈ R
d \ {0} . (5.69)

Define functions j(n) : (0,∞) → (0,∞) by

j(n)(r) :=
∫ ∞

0

t−d/2 exp
(
−r2

4t

)
μ(n)(t) dt , r > 0 , (5.70)

where μ(n) denotes the Lévy density of the iterated geometric subordinator,
and note that by (5.48), J (n)(x) = (4π)−d/2j(n)(|x|), x ∈ R

d \ {0}.

Proposition 5.49. For any α ∈ (0, 2) and n ≥ 1, there exists a positive
constant c such that

j(n)(r) ≤ cj(n)(2r), for all r > 0 (5.71)

and
j(n)(r) ≤ cj(n)(r + 1), for all r > 1. (5.72)
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Proof. The inequality (5.72) follows from Proposition 5.48. Now we prove
(5.71). It is known (see Theorem 2.1 of [26]) that there exist positive constants
C1 and C2 such that for all t > 0 and all x ∈ R

d,

C1 min(t−d/α, t |x|−d−α) ≤ pα(t, x) ≤ C2 min(t−d/α, t |x|−d−α) . (5.73)

Using these estimates one can easily see that there exists C3 > 0 such that

pα(t, x) ≤ C3pα(t, 2x), for all t > 0 and x ∈ R
d. (5.74)

Let J (1)(x) = J(x) and q
(1)
α (t, x) = qα(t, x). By use of (5.74), it follows

from (5.68) and (5.69) that J (1)(x) ≤ C3J
(1)(2x) , for all x ∈ R

d \ {0}, and
q
(1)
α (t, x) ≤ C3q

(1)
α (t, 2x), for all t > 0 and x ∈ R

d. Further, Y (2) is obtained
by subordinating Y (1) by a geometric α/2-stable subordinator S. Therefore,

J (2)(x) =
1
2

∫ ∞

0

q(1)
α (s, x)μα/2(s) ds , q(2)

α (t, x)=
∫ ∞

0

q(1)
α (s, x)fα/2(t, s) ds ,

(5.75)

where μ(s) is the Lévy density of S and fα/2(t, s) the density of P(St ∈ ds).
By use of q

(1)
α (s, x) ≤ C3q

(1)
α (s, 2x), it follows J (2)(x) ≤ C3J

(2)(2x) and
q
(2)
α (t, x) ≤ C3q

(2)
α (t, 2x) for all t > 0 and x ∈ R

d. The proof is completed by
induction. ��

We conclude this section with a result that is essential in proving the
Harnack inequality for jump processes, and was the motivation behind
Propositions 5.48 and 5.49.

Proposition 5.50. Let Y be a subordinate Brownian motion such that the
function j defined in (5.62) satisfies conditions (5.65) and (5.66). There
exist positive constants C4 and C5 such that if r ∈ (0, 1), x ∈ B(0, r), and
H is a nonnegative function with support in B(0, 2r)c, then

E
xH(Y (τB(0,r))) ≤ C4(ExτB(0,r))

∫
H(z)J(z) dz

and
E

xH(Y (τB(0,r))) ≥ C5(ExτB(0,r))
∫

H(z)J(z) dz.

Proof. Let y ∈ B(0, r) and z ∈ B(0, 2r)c. If z ∈ B(0, 2) we use the estimates

2−1|z| ≤ |z − y| ≤ 2|z|, (5.76)

while if z /∈ B(0, 2) we use

|z| − 1 ≤ |z − y| ≤ |z|+ 1. (5.77)
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Let B ⊂ B(0, 2r)c. Then by using the Lévy system we get

E
x1B(Y (τB(0,r))) = E

x

∫ τB(0,r)

0

∫
B

J(z − Ys) dz ds

= E
x

∫ τB(0,r)

0

∫
B

j(|z − Ys|) dz ds .

By use of (5.65), (5.66), (5.76), and (5.77), the inner integral is estimated as
follows:
∫

B

j(|z − Ys|) dz =
∫

B∩B(0,2)

j(|z − Ys|) dz +
∫

B∩B(0,2)c

j(|z − Ys|) dz

≤
∫

B∩B(0,2)

j(2−1|z|) dz +
∫

B∩B(0,2)c

j(|z| − 1) dz

≤
∫

B∩B(0,2)

c2j(|z|) dz +
∫

B∩B(0,2)c

c2j(|z|) dz

= c2

∫
B

J(z) dz .

Therefore

E
x1B(Y (τB(0,r))) ≤ E

x

∫ τB(0,r)

0

c2

∫
B

J(z) dz

= c2 E
x(τB(0,r))

∫
1B(z)J(z) dz .

Using linearity we get the above inequality when 1B is replaced by a simple
function. Approximating H by simple functions and taking limits we have
the first inequality in the statement of the lemma.

The second inequality is proved in the same way. ��

5.3.4 Transition Densities of Symmetric Geometric
Stable Processes

Recall that for 0 < α ≤ 2, qα(t, x) denotes the transition density of the
symmetric geometric α-stable process. The asymptotic behavior of qα(1, x)
as |x| → ∞ is given in the following result.

Proposition 5.51. For α ∈ (0, 2) we have

qα(1, x) ∼
α2α−1 sin απ

2 Γ(d+α
2 )Γ(α

2 )

π
d
2 +1|x|d+α

, |x| → ∞.
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For α = 2 we have

q2(1, x) ∼ 2−
d
2 π− d−1

2
e−|x|

|x| d−1
2

, |x| → ∞.

Proof. The proof of the case α < 2 is similar to the proof of Proposition
5.29 and uses (5.73), while the proof of the case α = 2 is similar to the proof
of Theorem 5.47. We omit the details. ��

The following theorem from [59] provides the sharp estimate for qα(t, x)
for small time t in case 0 < α < 2.

Theorem 5.52. Let α ∈ (0, 2). There are positive constants C1 < C2 such
that for all x ∈ R

d and 0 < t < 1 ∧ d
2α ,

C1t min(|x|−d−α, |x|−d+tα) ≤ qα(t, x) ≤ C2t min(|x|−d−α, |x|−d+tα) .

Proof. The following sharp estimates for the stable densities (5.73) is well
known (see, for instance, [26])

pα(s, x)  s−
d
α

(
1 ∧ s

d+α
α

|x|d+α

)
, ∀s > 0 and x ∈ R

d .

Hence, by (5.68) it follows that qα(t, x)  1
Γ(t) I(t, |x|) where

I(t, r) :=
∫ ∞

0

s−
d
α

(
1 ∧ s

d+α
α

rd+α

)
st−1e−s ds

=
1

rd+α

∫ rα

0

ste−s ds +
∫ ∞

rα

st−1−d/αe−s ds .

From now on assume that 0 < t ≤ 1 ∧ d
2α . Then for 0 < r ≤ 1,

I(t, r)  1
rd+α

∫ rα

0

st ds +
∫ 1

rα

st−1−d/αe−s ds +
∫ ∞

1

st−1−d/αe−s ds

=
1

t + 1
rαt−d +

1
d/α− t

(rαt−d − 1) +
∫ ∞

1

st−1−d/αe−s ds  rαt−d .

We also have,

I(t, r) ≤ 1
rd+α

∫ ∞

0

ste−s ds =
Γ(t + 1)

rd+α
≤ 1

rd+α
, r > 0 ,

I(t, r) ≥ 1
rd+α

∫ 1

0

ste−s ds ≥ 1
rd+α

1
(1 + t)e

≥ 1
2erd+α

, r > 1 .
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Note that
1

rd+α
∧ 1

rd−tα
=
{

1
rd−tα , 0 < r ≤ 1

1
rd+α , r > 1.

Therefore I(t, r)  1
rd+α ∧ 1

rd−tα . This implies that

qα(t, x)  1
Γ(t)

I(t, |x|)  1
Γ(t)

(
1

|x|d+α
∧ 1
|x|d−tα

)
 t

(
1

|x|d+α
∧ 1
|x|d−tα

)
,

since for 0 < t ≤ 1, Γ(t)  t−1. ��

Note that by taking x = 0, one obtains that qα(t, 0) = ∞ for 0 < t < 1∧ d
2α .

This somewhat unusual feature of the transition density is easier to show
when α = 2, i.e., in the case of a gamma subordinator. Indeed, then

q2(t, x) :=
∫ ∞

0

(4πs)−d/2e−|x|2/(4t) 1
Γ(t)

st−1e−s ds ,

and therefore

q2(t, 0) =
(4π)−d/2

Γ(t)

∫ ∞

0

s−d/2+t−1e−s ds =

{
+∞ , t ≤ d/2,
Γ(t−d/2)

(4π)d/2Γ(t)
, t > d/2 .

Assume now that S(2) is an iterated geometric stable subordinator with
the Laplace exponent φ(λ) = log(1 + log(1 + λ)), and let q

(2)
2 (t, x) be the

transition density of the process Y
(2)
t = X(S(2)

t ). Then by (5.75),

q
(2)
2 (t, 0) =

∫ ∞

0

q2(s, 0)
1

Γ(t)
st−1e−s ds = ∞

for all t > 0.

5.4 Harnack Inequality for Subordinate
Brownian Motion

5.4.1 Capacity and Exit Time Estimates for Some
Symmetric Lévy Processes

The purpose of this subsection is to establish lower and upper estimates for
the capacity of balls and the exit time from balls, with respect to a class of
radially symmetric Lévy processes.

Suppose that Y = (Yt, P
x) is a transient radially symmetric Lévy process

on R
d. We will assume that the potential kernel of Y is absolutely continuous
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with a density G(x, y) = G(|y − x|) with respect to the Lebesgue measure.
Let us assume the following condition: G : [0,∞) → (0,∞] is a positive and
decreasing function satisfying G(0) = ∞. We will have need of the following
elementary lemma.

Lemma 5.53. There exists a positive constant C1 = C1(d) such that for
every r > 0 and all x ∈ B(0, r),

C1

∫
B(0,r)

G(|y|) dy ≤
∫

B(0,r)

G(x, y) dy ≤
∫

B(0,r)

G(|y|) dy .

Moreover, the supremum of
∫

B(0,r)
G(x, y) dy is attained at x = 0, while the

infimum is attained at any point on the boundary of B(0, r).

Proof. The proof is elementary. We only present the proof of the left-hand
side inequality for d ≥ 2. Consider the intersection of B(0, r) and B(x, r).
This intersection contains the intersection of B(x, r) and the cone with vertex
x of aperture equal to π/3 pointing towards the origin. Let C(x) be the latter
intersection. Then
∫

B(0,r)

G(|y − x|) dy ≥
∫

C(x)

G(|y − x|) dy

≥ c1

∫
B(x,r)

G(|y − x|) dy = c1

∫
B(0,r)

G(|y|) dy ,

where the constant c1 depends only on the dimension d. It is easy to see that
the infimum of

∫
B(0,r)

G(x, y) dy is attained at any point on the boundary of
B(0, r). ��

Let Cap denote the (0-order) capacity with respect to X (for the definition
of capacity see e.g. [23] or [135]). For a measure μ we define

Gμ(x) :=
∫

G(x, y)μ(dy) .

For any compact subset K of R
d, let PK be the set of probability measures

supported by K. Define

e(K) := inf
μ∈PK

∫
Gμ(x)μ(dx) .

Since the kernel G satisfies the maximum principle (see, for example, The-
orem 5.2.2 in [60]), it follows from ([76], page 159) that for any compact
subset K of R

d

Cap(K) =
1

infμ∈PK
supx∈Supp(μ) Gμ(x)

=
1

e(K)
. (5.78)
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Furthermore, the infimum is attained at the capacitary measure μK . The
following lemma is essentially proved in [114].

Lemma 5.54. Let K be a compact subset of R
d. For any probability measure

μ on K, it holds that

inf
x∈Supp(μ)

Gμ(x) ≤ e(K) ≤ sup
x∈Supp(μ)

Gμ(x) . (5.79)

Proof. The right-hand side inequality follows immediately from (5.78). In
order to prove the left-hand side inequality, suppose that for some prob-
ability measure μ on K it holds that e(K) < infx∈Supp(μ) Gμ(x). Then
e(K) + ε < infx∈Supp(μ) Gμ(x) for some ε > 0. We first have∫

K

Gμ(x)μK(dx) >

∫
K

(e(K) + ε)μK(dx) = e(K) + ε .

On the other hand,∫
K

Gμ(x)μK(dx) =
∫

K

GμK(x)μ(dx) =
∫

K

e(K)μ(dx) = e(K) ,

where we have used the fact that GμK = e(K) quasi everywhere in K,
and the measure of finite energy does not charge sets of capacity zero. This
contradiction proves the lemma. ��

Proposition 5.55. There exist positive constants C2 < C3 depending only
on d, such that for all r > 0

C2r
d∫

B(0,r)
G(|y|) dy

≤ Cap(B(0, r)) ≤ C3r
d∫

B(0,r)
G(|y|) dy

. (5.80)

Proof. Let mr(dy) be the normalized Lebesgue measure on B(0, r). Thus,
mr(dy) = dy/(c1r

d), where c1 is the volume of the unit ball. Consider
Gmr = supx∈B(0,r) Gmr(x). By Lemma 5.53, the supremum is attained at
x = 0, and so

Gmr =
1

c1rd

∫
B(0,r)

G(|y|)dy .

Therefore from Lemma 5.54

Cap(B(0, r)) ≥ c1r
d∫

B(0,r)
G(|y|)dy

. (5.81)

For the right-hand side of (5.79), it follows from Lemma 5.53 and Lemma
5.54 that

Cap(B(0, r)) ≤ 1
Gmr(z)

=
c1r

d∫
B(0,r)

G(z, y)
dy ≤ c1r

d

C1

∫
B(0,r)

G(|y|) dy ,

where z ∈ ∂B(0, r). ��
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In the remaining part of this section we assume in addition that G satisfies
the following assumption: There exist r0 > 0 and c0 ∈ (0, 1) such that

c0G(r) ≥ G(2r) , 0 < 2r < r0 . (5.82)

Note that if G is regularly varying at 0 with index δ < 0, i.e., if

lim
r→0

G(2r)
G(r)

= 2δ ,

then (5.82) is satisfied with c0 = (2δ +1)/2 for some positive r0. Let τB(0,r) =
inf{t > 0 : Yt /∈ B(0, r)} be the first exit time of Y from the ball B(0, r).

Proposition 5.56. There exists a positive constant C4 such that for all
r ∈ (0, r0/2),

C4

∫
B(0,r/6)

G(|y|) dy ≤ inf
x∈B(0,r/6)

E
xτB(0,r) ≤ sup

x∈B(0,r)

E
xτB(0,r)

≤
∫

B(0,r)

G(|y|) dy . (5.83)

Proof. Let GB(0,r)(x, y) denote the Green function of the process Y killed
upon exiting B(0, r). Clearly, GB(0,r)(x, y) ≤ G(x, y), for x, y ∈ B(0, r).
Therefore,

E
xτB(0,r) =

∫
B(0,r)

GB(0,r)(x, y) dy

≤
∫

B(0,r)

G(x, y) dy ≤
∫

B(0,r)

G(|y|) dy .

For the left-hand side inequality, let r ∈ (0, r0/2), and let x, y ∈ B(0, r/6).
Then,

GB(0,r)(x, y) = G(x, y)− E
xG(Y (τB(0,r)), y)

≥ G(|y − x|)−G(2|y − x|) .

The last inequality follows because |y − Y (τB(0,r))| ≥ 2
3r ≥ 2|y − x|. Let

c1 = 1−c0 ∈ (0, 1). By (5.82) we have that for all u ∈ (0, r0), G(u)−G(2u) ≥
c1G(u). Hence, G(|y − x|) − G(2|y − x|) ≥ c1G(|y − x|), which implies that
GB(0,r)(x, y) ≥ c1G(x, y) for all x, y ∈ B(0, r/6). Now, for x ∈ B(0, r/6),

E
xτB(0,r) =

∫
B(0,r)

GB(0,r)(x, y) dy ≥
∫

B(0,r/6)

GB(0,r)(x, y) dy

≥ c1

∫
B(0,r/6)

G(x, y) dy ≥ c1C1

∫
B(0,r/6)

G(|y|) dy ,

where the last inequality follows from Lemma 5.53. ��
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Example 5.57. We illustrate the last two propositions by applying them to
the iterated geometric stable process Y (n) introduced in Example 5.31 (iv)
and (v). Hence, we assume that d > 2(α/2)n. By a slight abuse of notation
we define a function G(n) : [0,∞) → (0,∞] by G(n)(|x|) = G(n)(x). Note
that by Theorem 5.37, G is regularly varying at zero with index β = −d. Let
r0 be the constant from (5.82). Let us first look at the asymptotic behavior
of
∫

B(0,r)
G(n)(|y|) dy for small r. We have

∫
B(0,r)

G(n)(|y|) dy = cd

∫ r

0

ud−1G(n)(u) du

∼ cdΓ(d/2)
απd/2

∫ r

0

ud−1 du

udLn−1(1/u2)l2n(1/u2)
=

cdΓ(d/2)
2απd/2

∫ r2

0

dv

vLn−1(1/v)l2n(1/v)

=
cdΓ(d/2)
2απd/2

1
ln(1/r2)

∼ cα,d
1

ln(1/r)
, r → 0 .

It follows from Proposition 5.55 that there exist positive constants C5 ≤ C6

such that for all r ∈ (0, 1/en),

C5r
dln(1/r) ≤ Cap(B(0, r)) ≤ C6r

dln(1/r) .

Similarly, it follows from Proposition 5.56 that there exist positive constants
C7 ≤ C8 such that for all r ∈ (0, (1/en) ∧ (r0/2)),

C7

ln(1/r)
≤ inf

x∈B(0,r/6)
E

xτB(0,r) ≤ sup
x∈B(0,r)

E
xτB(0,r) ≤

C8

ln(1/r)
. (5.84)

Here we also used the fact that ln is slowly varying.
By use of Theorem 5.41 and Proposition 5.55, we can estimate capacity

of large balls. It easily follows that as r → ∞, Cap(B(0, r) is of the order
rα(α/2)n−1

.

5.4.2 Krylov-Safonov-type Estimate

In this subsection we retain the assumptions from the beginning of the pre-
vious one. Thus, Y = (Yt, P

x) is a transient radially symmetric Lévy process
on R

d with the potential kernel having the density G(x, y) = G(|y − x|)
which is positive, decreasing and G(0) = ∞. Let r1 ∈ (0, 1) and let
� : (1/r1,∞) → (0,∞) be a slowly varying function at ∞. Let β ∈ [0, 1] be
such that d + 2β − 2 > 0. We introduce the following additional assumption
about the density G: There exists a positive constant c1 such that

G(x) ∼ c1

|x|d+2β−2�(1/|x|2) , |x| → 0 . (5.85)
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If we abuse notation and let G(|x|) = G(x), then G is regularly varying
at 0 with index −d − 2β + 2 < 0, hence satisfies the assumption (5.82)
with some r0 > 0. In order to simplify notations, we define the function
g : (0, r1) → (0,∞) by

g(r) =
1

rd+2β−2�(1/r2)
.

Clearly, g is regularly varying at 0 with index −d − 2β + 2 < 0. Let g be a
monotone equivalent of g at 0. More precisely, we define g : (0, r1/2) →∞ by

g(r) := sup{g(ρ) : r ≤ ρ ≤ r1} .

By the 0-version of Theorem 1.5.3. in [21], g(r) ∼ g(r) as r → 0. Moreover,
g(r) ≥ g(r), and g is decreasing. Let r2 = min(r0, r1). There exist positive
constants C9 < C10 such that

C9g(r) ≤ G(r) ≤ C10g(r) , r < r2 . (5.86)

We define

c = max

{
1
3

(
4C10

C9

) 1
d+2β−2

, 1

}
. (5.87)

Since g is regularly varying at 0 with index −d− 2β + 2, there exists r3 > 0
such that

1
2

(
1
3c

)d+2β−2

≤ g(6cr)
g(2r)

≤ 2
(

1
3c

)d+2β−2

, r < r3 . (5.88)

Finally, let
R = min(r2, r3, 1) = min(r0, r1, r3, 1) . (5.89)

Lemma 5.58. There exists C11 > 0 such that for any r ∈ (0, (7c)−1R), any
closed subset A of B(0, r), and any y ∈ B(0, r),

P
y(TA < τB(0,7cr)) ≥ C11κ(r)

Cap(A)
Cap(B(0, r))

,

where

κ(r) =
rdg(r)∫ r

0
ρd−1g(ρ) dρ

. (5.90)

Proof. Without loss of generality we may assume that Cap(A) > 0. Let
GB(0,7cr) be the Green function of the process obtained by killing Y upon
exiting from B(0, 7cr). If ν is the capacitary measure of A with respect to
Y , then we have for all y ∈ B(0, r),
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GB(0,7cr)ν(y) = E
y[GB(0,7cr)ν(YTA

) : TA < τB(0,7cr)]
≤ sup

z∈Rd

GB(0,7cr)ν(z)Py(TA < τB(0,7cr))

≤ P
y(TA < τB(0,7cr)).

On the other hand we have for all y ∈ B(0, r),

GB(0,7cr)ν(y) =
∫

GB(0,7cr)(y, z)ν(dz) ≥ ν(A) inf
z∈B(0,r)

GB(0,7cr)(y, z)

= Cap(A) inf
z∈B(0,r)

GB(0,7cr)(y, z) .

In order to estimate the infimum in the last display, note that GB(0,7cr)(y, z) =
G(y, z)− E

y[G(YτB(0,7cr) , z)]. Since |y − z| < 2r < R, it follows by (5.86) and
the monotonicity of g that

G(y, z) ≥ C9g(|z − y|) ≥ C9g(2r) . (5.91)

Now we consider G(YτB(0,7cr) , z). First note that |YτB(0,7cr) − z| ≥ 7cr − r ≥
7cr−cr ≥ 6cr. If |YτB(0,7cr)−z| ≤ R, then by (5.86) and the monotonicity of g,

G(YτB(0,7cr) , z) ≤ C10g(|z − YτB(0,7cr) |) ≤ C10g(6cr) .

If, on the other hand, |YτB(0,7cr)−z| ≥ R, then G(YτB(0,7cr) , z) ≤ G(w), where
w ∈ R

d is any point such that |w| = R. Here we have used the monotonicity
of G. For |w| = R we have that G(w) ≤ C10g(|w|) = C10g(R) ≤ C10g(6cr).
Therefore

E
y[G(YτB(0,7cr) , z)] ≤ C10g(6cr) . (5.92)

By use of (5.91) and (5.92) we obtain

GB(0,7cr)(y, z) ≥ C9g(2r)− C10g(6cr)

= g(2r)
(

C9 − C10
g(6cr)
g(2r)

)

≥ g(2r)

(
C9 − 2C10

(
1
3c

)d+2β−2
)

≥ g(2r)
(

C9 − 2C10
C9

4C10

)
=

C9

2
g(2r) ,

where the next to last line follows from (5.88) and the last from definition
(5.87). By using one more time that g is regularly varying at 0, we conclude
that there exists a constant C12 > 0 such that for all y, z ∈ B(0, r),

GB(0,7cr)(y, z) ≥ C12g(r) .
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Further, it follows from Proposition 5.55 that there exists a constant C13 > 0,
such that

C13

Cap(B(0, r))
rd∫ r

0
ρd−1g(ρ) dρ

≤ 1 . (5.93)

Hence

GB(0,7cr)(y, z) ≥ C12C13
1

Cap(B(0, r))
rdg(r)∫ r

0
ρd−1g(ρ) dρ

≥ C14
1

Cap(B(0, r))
κ(r) .

To finish the proof, note that

P
y(TA < τB(0,7cr)) ≥ GB(0,7cr)ν(y) ≥ C14κ(r)

Cap(A)
Cap(B(0, r))

.

��

Remark 5.59. Note that in the estimate (5.93) we could use g instead of
g. Together with the fact that g(r) ≥ g(r) this would lead to the hitting time
estimate

P
y(TA < τB(0,7cr)) ≥ C11κ(r)

Cap(A)
Cap(B(0, r))

,

where

κ(r) =
rdg(r)∫ r

0
ρd−1g(ρ) dρ

. (5.94)

We will apply the above lemma to subordinate Brownian motions. Assume,
first, that Yt = X(St) where S = (St : t ≥ 0) is the special subordinator
with the Laplace exponent φ satisfying φ(λ) ∼ λα/2�(λ), λ → ∞, where
0 < α < 2 ∧ d, and � is slowly varying at ∞. Then the Green function
of Y satisfies all assumptions of this subsection, in particular (5.85) with
β = 1−α/2, see (5.28) and Lemma (5.32). Define c as in (5.87) for appropriate
C9 and C10 and β = 1− α/2, and let R be as in (5.89).

Proposition 5.60. Assume that Yt = X(St) where S = (St : t ≥ 0) is
the special subordinator with the Laplace exponent φ satisfying one of the
following two conditions: (i) φ(λ) ∼ λα/2�(λ), λ →∞, where 0 < α < 2, and
� is slowly varying at ∞, or (ii) φ(λ) ∼ λ, λ → ∞. If Y is transient, the
following statements are true:
(a) There exists a constant C15 > 0 such that for any r ∈ (0, (7c)−1R), any
closed subset A of B(0, r), and any y ∈ B(0, r),

P
y(TA < τB(0,7cr)) ≥ C15

Cap(A)
Cap(B(0, r))

.
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(b) There exists a constant C16 > 0 such that for any r ∈ (0, R) we have

sup
y∈B(0,r)

E
y τB(0,r) ≤ C16 inf

y∈B(0,r/6)
E

y τB(0,r) .

Proof. We give the proof for case (i), case (ii) being simpler.
(a) It suffices to show that κ(r), r < (7c)−1R, is bounded from below by a
positive constant. Note that g is regularly varying at 0 with index −d + α.
Hence there is a slowly varying function � such that g(r) = r−d+α�(r). By
Karamata’s monotone density theorem one can conclude that

∫ r

0

ρd−1g(ρ) dρ =
∫ r

0

ρα−1�(ρ) dρ ∼ 1
α

rα�(r) =
1
α

rdg(r) , r → 0 .

Therefore,

κ(r) =
rdg(r)∫ r

0
ρd−1g(ρ) dρ

∼ 1
α

.

(b) By Proposition 5.56 it suffices to show that
∫

B(0,r)
G(|y|) dy ≤

c
∫

B(0,r/6)
G(|y|) dy for some positive constant c. But, by the proof of part

(a),
∫

B(0,r)
G(|y|) dy  rdg(r), while

∫
B(0,r/6)

G(|y|) dy  (r/6)dg(r/6). Since
g is regularly varying, the claim follows. ��

Proposition 5.61. Let S(n) be the iterated geometric stable subordinator
and let Y

(n)
t = X(S(n)

t ) be the corresponding subordinate process. Assume
that d > 2(α/2)n.
(a) Let γ > 0. There exists a constant C17 > 0 such that for any
r ∈ (0, (7c)−1R), any closed subset A of B(0, r), and any y ∈ B(0, r)

P
y(TA < τB(0,7cr)) ≥ C17 rγ Cap(A)

Cap(B(0, r))
.

(b) There exists a constant C18 > 0 such that for any r ∈ (0, R) we have

sup
y∈B(0,r)

E
y τB(0,r) ≤ C18 inf

y∈B(0,r/6)
E

y τB(0,r) .

Proof. (a) By Proposition 5.21 we take

g(r) =
1

rdLn−1(1/r2)ln(1/r2)2
.

Recall that the functions ln, respectively Ln, were defined in (5.36), respec-
tively (5.37). Integration gives that

∫ r

0

ρd−1g(ρ) dρ =
∫ r

0

1
ρLn−1(1/ρ2)ln(1/ρ2)2

dρ =
2

ln(1/r2)
.
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Therefore,

κ(r) =
1

Ln(1/r2)
≥ c̃rγ ,

and the claim follows from Remark 5.59.
(b) This was shown in Example 5.57. ��

Remark 5.62. We note that part (b) of both Propositions 5.60 and 5.61 are
true for every pure jump process. This was proved in [131], and later also in
[137].

In the remainder of this subsection we discuss briefly the Krylov-Safonov
type estimate involving the Lebesgue measure instead of the capacity. This
type of estimate turns out to be very useful in case of a pure jump Lévy pro-
cess. The method of proof comes from [13], while our exposition follows [145].

Assume that Y = (Yt : t ≥ 0) is a subordinate Brownian motion via a
subordinator with no drift. We retain the notation j(|x|) = J(x), introduce
functions

η1(r) = r−2

∫ r

0

ρd+1j(ρ) dρ , η2(r) =
∫ ∞

r

ρd−1j(ρ) dρ ,

and let η(r) = η1(r) + η2(r). The proof of the following result can be found
in [145].

Lemma 5.63. There exists a constant C19 > 0 such that for every r ∈ (0, 1),
every A ⊂ B(0, r) and any y ∈ B(0, 2r),

P
y(TA < τB(0,3r)) � C19

rdj(4r)
η(r)

|A|
|B(0, r)| ,

where | · | denotes the Lebesgue measure.

Proposition 5.64. Assume that Yt = X(St) where S = (St : t ≥ 0) is
a pure jump subordinator, and the jumping function J(x) = j(|x|) of Y
is such that j satisfies j(r) ∼ r−d−α�(r), r → 0+, with 0 < α < 2 and �
slowly varying at 0. Then there exists a constant C20 > 0 such that for every
r ∈ (0, 1), every A ⊂ B(0, r) and any y ∈ B(0, 2r),

P
y(TA < τB(0,3r)) � C20

|A|
|B(0, r)| .

Proof. It suffices to prove that rdj(4r)/η(r) is bounded from below by a
positive constant. This is accomplished along the lines of the proof of Propo-
sition 5.60. ��

Note that the assumptions of Proposition 5.64 are satisfied for subordi-
nate Brownian motions via α/2-stable subordinators, relativistic α-stable
subordinators and the subordinators corresponding to Examples 5.15 and
5.16 (see Theorems 5.43 and 5.44).
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In the case of, say, a geometric stable process Y , one obtains from Lemma
5.63 a weak form of the hitting time estimate: There exists C21 > 0 such
that for every r ∈ (0, 1/2), every A ⊂ B(0, r) and any y ∈ B(0, 2r),

P
y(TA < τB(0,3r)) � C21

1
log(1/r)

|A|
|B(0, r)| . (5.95)

5.4.3 Proof of Harnack Inequality

Let Y = (Yt : t ≥ 0) be a subordinate Brownian motion in R
d and let D be

an open subset of R
d. A function h : R

d → [0,+∞] is said to be harmonic in
D with respect to the process Y if for every bounded open set B ⊂ B ⊂ D,

h(x) = E
x[h(YτB

)] , ∀x ∈ B ,

where τB = inf{t > 0 : Yt /∈ B} is the exit time of Y from B. Harnack
inequality is a statement about the growth rate of nonnegative harmonic
functions in compact subsets of D. We will first discuss two proofs of a scale
invariant Harnack inequality for small balls. Next, we will give a proof of a
weak form of Harnack inequality for small balls for the iterated geometric
stable process. All discussed forms of the inequality lead to the following Har-
nack inequality: For any compact set K ⊂ D, there exists a constant C > 0,
depending only on D and K, such that for every nonnegative harmonic
function h with respect to Y in D, it holds that

sup
x∈K

h(x) ≤ C inf
x∈K

h(x) .

The general methodology of proving Harnack inequality for jump processes
is explained in [145] following the pioneering work [13] (for an alternative
approach see [39]). The same method was also used in [14] and [49] to prove
a parabolic Harnack inequality. There are two essential ingredients: The first
one is a Krylov-Safonov-type estimate for the hitting probability discussed
in the previous subsection. The form given in Lemma 5.63 and Proposition
5.64 can be used in the case of pure jump processes for which one has good
control of the behavior of the jumping function J at zero. More precisely, one
needs that j(r) is a regularly varying function of index −d−α for 0 < α < 2
when r → 0+. This, as shown in Proposition 5.64, implies that the function
of r on the right-hand side of the estimate can be replaced by a constant,
which is desirable to obtaining the scale invariant form of Harnack inequality
for small balls. In the case of a geometric stable process the behavior of J
near zero is known (see Theorem 5.45), but leads to the inequality (5.95)
having the factor 1/ log(1/r) on the right-hand side. This yields a weak type
of Harnack inequality for balls. In the case of the iterated geometric stable
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processes, no information about the behavior of J near zero is available, and
hence one does not have any control on the factor rdj(r)/η(r) in Lemma 5.63.
In the case where Y has a continuous component (i.e, the subordinator S
has a drift), or the case when information on the behavior of J near zero
is missing, one can use the form of Krylov-Safonov inequality described in
Propositions 5.60 and 5.61.

The second ingredient in the proof is the following result which can be
considered as a very weak form of Harnack inequality (more precisely, Har-
nack inequality for harmonic measures of sets away from the ball). Recall
that R > 0 was defined in (5.89).

Proposition 5.65. Let Y be a subordinate Brownian motion such that the
function j defined in (5.62) satisfies conditions (5.65) and (5.66). There exists
a positive constant C22 > 0 such that for any r ∈ (0, R), any y, z ∈ B(0, r/2)
and any nonnegative function H supported on B(0, 2r)c it holds that

E
zH(Y (τB(0,r))) ≤ C22E

yH(Y (τB(0,r))) . (5.96)

Proof. This is an immediate consequence of Proposition 5.50 and the com-
parison results for the mean exit times explained in Remark 5.62 (see also
Propositions 5.60 and 5.61). ��

We are now ready to state Harnack inequality under two different set of
conditions.

Theorem 5.66. Let Y be a subordinate Brownian motion such that the
function j defined in (5.62) satisfies conditions (5.65) and (5.66) and is fur-
ther regularly varying at zero with index −d−α where 0 < α < 2. Then there
exists a constant C > 0 such that, for any r ∈ (0, 1/4), and any function
h which is nonnegative, bounded on R

d, and harmonic with respect to Y in
B(0, 16r), we have

h(x) ≤ Ch(y), ∀x, y ∈ B(0, r).

Proof of this Harnack inequality follows from [145] and uses Proposition
5.64. The second set of conditions for Harnack inequality uses Proposition
5.60. Recall the constant c defined in (5.87).

Theorem 5.67. Let Y be a transient subordinate Brownian motion such
that the function j defined in (5.62) satisfies conditions (5.65) and (5.66),
and assume further that the subordinator S is special and its Laplace expo-
nent φ satisfies φ(λ) ∼ bλα/2, λ → ∞, with α ∈ (0, 2] and b > 0. Then
there exists a constant C > 0 such that, for any r ∈ (0, (14c)−1R), and any
function h which is nonnegative, bounded on R

d, and harmonic with respect
to Y in B(0, 14cr), we have

h(x) ≤ Ch(y), ∀x, y ∈ B(0, r/2).
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Under these conditions, Harnack inequality was proved in [132]. Unfortu-
nately, despite the fact that Proposition 5.60 holds under weaker conditions
for φ than the ones stated in the theorem above, we were unable to carry
out a proof in this more general case.

Now we are going to present a proof of a weak form of Harnack inequality
for iterated geometric stable processes. Let S(n) be the iterated geometric
stable subordinator and let Y

(n)
t = X(S(n)

t ) be the corresponding subordi-
nate process. We assume that d > 2(α/2)n. For simplicity we write Y instead
of Y (n). We state again Propositions 5.61 (a) and 5.65:
Let γ > 0. There exists a constant C17 > 0 such that for any r ∈ (0, (7c)−1R),
any closed subset A of B(0, r), and any y ∈ B(0, r)

P
y(TA < τB(0,7cr)) ≥ C17 rγ Cap(A)

Cap(B(0, r))
, (5.97)

There exists a positive constant C22 > 0 such that for any r ∈ (0, R), any
y, z ∈ B(0, r/2) and any nonnegative function H supported on B(0, r)c it
holds that

E
zH(Y (τB(0,r))) ≤ C22E

yH(Y (τB(0,r))) . (5.98)

We will also need the following lemma.

Lemma 5.68. There exists a positive constant C23 such that for all
0 < ρ < r < 1/en+1,

Cap(B(0, ρ))
Cap(B(0, r))

≥ C23

(ρ

r

)d

.

Proof. By Example 5.57,

C5r
dln(1/r) ≤ Cap(B(0, r)) ≤ C6r

dln(1/r)

for every r < 1/en+1. Therefore,

Cap(B(0, ρ))
Cap(B(0, r))

≥ C5ρ
dln(1/ρ)

C6rdln(1/r)
≥ C5

C6

(ρ

r

)d

,

where the last inequality follows from the fact that ln is increasing at infinity.
��

Theorem 5.69. Let R and c be defined by (5.89) and (5.87) respectively.
Let r ∈ (0, (14c)−1R). There exists a constant C > 0 such that for every
nonnegative bounded function h in R

d which is harmonic with respect to Y
in B(0, 14cr) it holds

h(x) ≤ Ch(y), x, y ∈ B(0, r/2).
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Remark 5.70. Note that the constant C in the theorem may depend on the
radius r. This is why the above Harnack inequality is weak. A version of a
weak Harnack inequality appeared in [12], and our proof follows the arguments
there. A similar proof, in a somewhat different context, was given in [147].

Proof. We fix γ ∈ (0, 1). Suppose that h is nonnegative and bounded in
R

d and harmonic with respect to Y in B(0, 14cr). By looking at h + ε
and letting ε ↓ 0, we may suppose that h is bounded from below by a
positive constant. By looking at ah for a suitable a > 0, we may suppose
that infB(0,r/2) h = 1/2. We want to bound h from above in B(0, r/2) by
a constant depending only on r, d and γ. Choose z1 ∈ B(0, r/2) such that
h(z1) ≤ 1. Choose ρ ∈ (1, γ−1). For i ≥ 1 let

ri =
c1r

iρ
,

where c1 is a constant to be determined later. We require first of all that c1

is small enough so that ∞∑
i=1

ri ≤
r

8
. (5.99)

Recall that there exists c2 := C17 > 0 such that for any s ∈ (0, (7c)−1R),
any closed subset A ⊂ B(0, s) and any y ∈ B(0, s),

P
y(TA < τB(0,7cs)) ≥ c2s

γ Cap(A)
Cap(B(0, s))

. (5.100)

Let c3 be a constant such that

c3 ≤ c22−4−γ+ργ .

Denote the constant C8 from Lemma 5.68 by c4. Once c1 and c3 have been
chosen, choose K1 sufficiently large so that

1
4
(7c)−d−γc2c4K1 exp((14c)−γrγc1c3i

1−ργ) c4γ+d
1 r4γ ≥ 2i4ργ+ρd (5.101)

for all i ≥ 1. Such a choice is possible since ργ < 1. Note that K1 will depend
on r, d and γ as well as constants c, c1, c2, c3 and c4. Suppose now that there
exists x1 ∈ B(0, r/2) with h(x1) ≥ K1. We will show that in this case there
exists a sequence {(xj ,Kj) : j ≥ 1} with xj+1 ∈ B(xj , 2rj) ⊂ B(0, 3r/4),
Kj = h(xj), and

Kj ≥ K1 exp((14c)−γrγc1c3j
1−ργ). (5.102)

Since 1− ργ > 0, we have Kj →∞, a contradiction to the assumption that
h is bounded. We can then conclude that h must be bounded by K1 on
B(0, r/2), and hence h(x) ≤ 2K1h(y) if x, y ∈ B(0, r/2).
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Suppose that x1, x2, . . . , xi have been selected and that (5.102) holds for
j = 1, . . . , i. We will show that there exists xi+1 ∈ B(xi, 2ri) such that if
Ki+1 = h(xi+1), then (5.102) holds for j = i + 1; we then use induction to
conclude that (5.102) holds for all j.

Let
Ai = {y ∈ B(xi, (14c)−1ri) : h(y) ≥ Kir

2γ
i } .

First we prove that
Cap(Ai)

Cap(B(xi, (14c)−1ri))
≤ 1

4
. (5.103)

To prove this claim, we suppose to the contrary that Cap(Ai)/Cap
(B(xi, (14c)−1ri)) > 1/4. Let F be a compact subset of Ai with Cap(F )/
Cap(B(xi, (14c)−1ri)) > 1/4. Recall that r ≥ 8ri. Now we have

1 ≥ h(z1) ≥ E
z1 [h(YTF ∧τB(0,7cr));TF < τB(0,7cr)]

≥ Kir
2γ
i P

z1(TF < τB(0,7cr))

≥ c2Kir
2γ
i rγ Cap(F )

Cap(B(0, r))

= c2Kir
2γ
i rγ Cap(F )

Cap(B(xi, (7c)−1ri))
Cap(B(xi, (7c)−1ri))

Cap(B(0, r))

≥ 1
4
c2Kir

2γ
i rγ CapB(0, (7c)−1ri))

Cap(B(0, r))

≥ 1
4
c2Kir

2γ
i rγc4

(
(7c)−1ri

r

)d

=
1
4
c2c4(7c)−dKir

2γ
i rγ

(ri

r

)d

≥ 1
4
c2c4(7c)−d−γKir

4γ
i

(ri

r

)d

≥ 1
4
c2c4(7c)−d−γK1 exp((14c)−γrγc1c3i

1−ργ)r4γ
i

(ri

r

)d

≥ 1
4
c2c4(7c)−d−γK1 exp((14c)−γrγc1c3i

1−ργ)
(c1r

iρ

)4γ (c1

iρ

)d

≥ 1
4
c2c4(7c)−d−γK1 exp((14c)−γrγc1c3j

1−ργ)c4γ+d
1 r4γi−4γρ−ρd

≥ 2i4γρ+ρdi−4γρ−ρd = 2 .

We used the definition of harmonicity in the first line, (5.100) in the third,
Lemma 5.68 in the sixth, (5.102) in the ninth, and (5.101) in the last line.
This is a contradiction, and therefore (5.103) is valid.

By subadditivity of the capacity and by (5.103) it follows that there exists
Ei ⊂ B(xi, (14c)−1c) \Ai such that

Cap(Ei)
Cap(B(xi, (14c)−1ri))

≥ 1
2

.
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Write τi for τB(xi,ri/2) and let pi := P
xi(TEi

< τi). It follows from (5.100) that

pi ≥ c2

( ri

14c

)γ Cap(Ei)
Cap(B(xi, (14c)−1))

≥ c2

2

( ri

14c

)γ

. (5.104)

Set Mi = supB(xi,ri) h. Then

Ki = h(xi) = E
xi [h(YTEi

∧τi
);TEi

< τi]
+ E

xi [h(YTEi
∧τi

);TEi
≥ τi, Yτi

∈ B(xi, ri)]
+ E

xi [h(YTEi
∧τi

);TEi
≥ τi, Yτi

/∈ B(xi, ri)]. (5.105)

We are going to estimate each term separately. Since Ei is compact, we have

E
xi [h(YTEi

∧τi
);TEi

< τi] ≤ Kir
2γ
i P

xi(TEi
< τi) ≤ Kir

2γ
i .

Further,

E
xi [h(YTEi

∧τi
);TEi

≥ τi, Yτi
∈ B(xi, ri)] ≤ Mi(1− pi).

Inequality (5.103) implies in particular that there exists yi ∈ B(xi, (14c)−1ri)
with h(yi) ≤ Kir

2γ
i . We then have, by (5.98) and with c5 = C22

Kir
2γ
i ≥ h(yi) ≥ E

yi [h(Yτi
) : Yτi

/∈ B(xi, ri)]
≥ c5E

xi [h(Yτi
) : Yτi

/∈ B(xi, ri)] . (5.106)

Therefore

E
xi [h(YTEi

∧τi
);TEi

≥ τi, Yτi
/∈ B(xi, ri)] ≤ c6Kir

2γ
i

for the positive constant c6 = 1/c5. Consequently we have

Ki ≤ (1 + c6)Kir
2γ
i + Mi(1− pi). (5.107)

Rearranging, we get

Mi ≥ Ki

(
1− (1 + c6)r

2γ
i

1− pi

)
. (5.108)

Now choose

c1 ≤ min{ 1
14c

1
r

(
1
4

c2

1 + c6

)1/γ

, 1} .
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This choice of c1 implies that

2(1 + c6)r
2γ
i ≤ c2

2

( ri

14c

)γ

≤ pi ,

where the second inequality follows from (5.104). Therefore, 1−(1+c6)r
2γ
i ≥

1− pi/2, and hence by use of (5.108)

Mi ≥ Ki

(
1− 1

2pi

1− pi

)
> (1 +

pi

2
)Ki.

Using the definition of Mi and (5.98), there exists a point xi+1 ∈ B(xi, ri) ⊂
B(xi, 2ri) such that

Ki+1 = h(xi+1) ≥ Ki

(
1 +

c2

4

( ri

14c

)γ)
.

Taking logarithms and writing

log Ki+1 = log Ki +
i∑

j=1

[log Kj+1 − log Kj ],

we have

log Ki+1 ≥ log K1 +
i∑

j=1

log
(
1 +

c2

4

( rj

14c

)γ)

≥ log K1 +
i∑

j=1

c2

4
rγ
j

(14c)γ

= log K1 +
c2

4
1

(14c)γ

i∑
j=1

(
c1r

jρ

)γ

≥ log K1 +
c2

4
1

(14c)γ
rγcγ

1

i∑
j=1

j−ργ

≥ log K1 +
c2

4
1

(14c)γ
rγc1i

1−ργ

≥ log K1 +
1

(14c)γ
rγc1c3(i + 1)1−ργ .

In the fifth line we used the fact that c1 < 1. For the last line recall that

c3 ≤ c22−4−γ+ργ =
c2

23+γ

(
1
2

)1−ργ

≤ c2

23+γ

(
i

i + 1

)1−ργ

,
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implying that
c2

4
i1−ργ ≥ 21+γc3(1 + i)1−ργ .

Therefore we have obtained that

Ki+1 ≥ K1 exp((14c)−γrγc1c3(i + 1)1−ργ)

which is (5.102) for i + 1. The proof is now finished. ��

Remark 5.71. The proof given above can be easily modified to provide a
proof of Theorem 5.67. Indeed, one can modify slightly Lemma 5.68, take
γ = 0 and choose any ρ > 1 in the proof. The choice of K1 in (5.101) and
Kj in (5.102) will not depend on r > 0, thus giving a strong form of Harnack
inequality.

5.5 Subordinate Killed Brownian Motion

5.5.1 Definitions

Let X = (Xt, P
x) be a d-dimensional Brownian motion. Let D be a bounded

connected open set in R
d, and let τD = inf{t > 0 : Xt /∈ D} be the exit time

of X from D. Define

XD
t =

{
Xt, t < τD ,

∂ , t ≥ τD ,

where ∂ is the cemetery. We call XD a Brownian motion killed upon exit-
ing D, or simply, a killed Brownian motion. The semigroup of XD will be
denoted by (PD

t : t ≥ 0), and its transition density by pD(t, x, y), t > 0,
x, y ∈ D. The transition density pD(t, x, y) is strictly positive, and hence
the eigenfunction ϕ0 of the operator −Δ|D corresponding to the smallest
eigenvalue λ0 can be chosen to be strictly positive, see, for instance, [66].
The potential operator of XD is given by

GDf(x) =
∫ ∞

0

PD
t f(x) dt

and has a density GD(x, y), x, y ∈ D. Here, and further below, f denotes a
nonnegative Borel function on D. We recall the following well-known facts:
If h is a nonnegative harmonic function for XD (i.e., harmonic for Δ in D),
then both h and PD

t h are continuous functions in D.
In this section we always assume that (PD

t : t ≥ 0) is intrinsically
ultracontractive, that is, for each t > 0 there exists a constant ct such that

pD(t, x, y) ≤ ctϕ0(x)ϕ0(y), x, y ∈ D, (5.109)
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where ϕ0 is the positive eigenfunction corresponding to the smallest eigen-
value λ0 of the Dirichlet Laplacian −Δ|D. It is well known that (see, for
instance, [67]) when (PD

t ; t ≥ 0) is intrinsically ultracontractive there is
c̃t > 0 such that

pD(t, x, y) ≥ c̃tϕ0(x)ϕ0(y), x, y ∈ D.

Intrinsic ultracontractivity was introduced by Davies and Simon in [67].
It is well known that (see, for instance, [6]) (PD

t : t ≥ 0) is intrinsically
ultracontractive when D is a bounded Lipschitz domain, or a Hölder domain
of order 0, or a uniformly Hölder domain of order β ∈ (0, 2).

Let S = (St : t ≥ 0) and T = (Tt : t ≥ 0) be two special subordinators.
Suppose that X, S and T are independent. We assume that the Laplace
exponents of S and T , denoted by φ and ψ respectively, are conjugate, i.e.,
λ = φ(λ)ψ(λ). We also assume that φ has the representation (5.2) with b > 0
or μ(0,∞) =∞. We define two subordinate processes Y D and ZD by

Y D
t = XD(St), t ≥ 0

ZD
t = XD(Tt), t ≥ 0.

Then Y D = (Y D
t : t ≥ 0) and ZD = (ZD

t : t ≥ 0) are strong Markov pro-
cesses on D. We call Y D (resp. ZD) a subordinate killed Brownian motion. If
we use ηt(ds) and θt(ds) to denote the distributions of St and Tt respectively,
the semigroups of Y D and ZD are given by

QD
t f(x) =

∫ ∞

0

PD
s f(x)ηt(ds),

RD
t f(x) =

∫ ∞

0

PD
s f(x)θt(ds),

respectively. The semigroup QD
t has a density given by

qD(t, x, y) =
∫ ∞

0

pD(s, x, y)ηt(ds) .

The semigroup RD
t will have a density

rD(t, x, y) =
∫ ∞

0

pD(s, x, y)θt(ds)

in the case b = 0, while for b > 0, RD
t is not absolutely continuous with

respect to the Lebesgue measure. Let U and V denote the potential measures
of S and T , respectively. Then there are decreasing functions u and v defined
on (0,∞) such that U(dt) = u(t) dt and V (dt) = bε0(dt) + v(t) dt. The
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potential kernels of Y D and ZD are given by

UDf(x) =
∫ ∞

0

PD
t f(x)U(dt) =

∫ ∞

0

PD
t f(x)u(t) dt,

V Df(x) =
∫ ∞

0

PD
t f(x)V (dt) = bf(x) +

∫ ∞

0

PD
t f(x) v(t) dt ,

respectively. The potential kernel UD has a density given by

UD(x, y) =
∫ ∞

0

pD(t, x, y)u(t) dt ,

while V D needs not be absolutely continuous with respect to the Lebesgue
measure. Note that UD(x, y) is the Green function of the process Y D. For
the process Y D we define the potential of a Borel measure m on D by

UDm(x) :=
∫

D

UD(x, y)m(dy) =
∫ ∞

0

PD
t m(x)u(t) dt .

Let (UD
λ , λ > 0) be the resolvent of the semigroup (QD

t , t ≥ 0). Then UD
λ is

given by a kernel which is absolutely continuous with respect to the Lebesgue
measure. Moreover, one can easily show that for a bounded Borel function
f vanishing outside a compact subset of D, the functions x �→ UD

λ f(x),
λ > 0, and x �→ UDf(x) are continuous. This implies (e.g., [23], p.266) that
excessive functions of Y D are lower semicontinuous.

Recall that a measurable function s : D → [0,∞] is excessive for Y D (or
QD

t ), if QD
t s ≤ s for all t ≥ 0 and s = limt→0 QD

t s. We will denote the family
of all excessive function for Y D by S(Y D). The notations S(XD) and S(ZD)
are now self-explanatory.

A measurable function h : D → [0,∞] is harmonic for Y D if h is not identi-
cally infinite in D and if for every relatively compact open subset U ⊂ U ⊂ D,

h(x) = E
x[h(Y D(τY

U ))], ∀x ∈ U,

where τY
U = inf{t : Y D

t /∈ U} is the first exit time of Y D from U . We will
denote the family of all nonnegative harmonic function for Y D by H+(Y D).
Similarly, H+(XD) will denote the family of all nonnegative harmonic func-
tions for XD. It is well known that H+(·) ⊂ S(·).

5.5.2 Representation of Excessive
and Harmonic Functions of Subordinate Process

The factorization in the next proposition is similar in spirit to Theorem 4.1
(5) in [136].
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Proposition 5.72. (a) For any nonnegative Borel function f on D we have

UDV Df(x) = V DUDf(x) = GDf(x), x ∈ D.

(b) For any Borel measure m on D we have

V DUDm(x) = GDm(x) .

Proof. (a) We are only going to show that UDV Df(x) = GDf(x) for all
x ∈ D. For the proof of V DUDf(x) = GDf(x) see part (b). For any nonneg-
ative Borel function f on D, by using the Markov property and Theorem 5.6
we get that

UDV Df(x) =
∫ ∞

0

PD
t V Df(x)u(t)dt

=
∫ ∞

0

PD
t

(
bf(x) +

∫ ∞

0

PD
s f(x)v(s)ds

)
u(t)dt

= bUDf(x) +
∫ ∞

0

PD
t

(∫ ∞

0

PD
s f(x)v(s)ds

)
u(t)dt

= bUDf(x) +
∫ ∞

0

∫ ∞

0

PD
t+sf(x)v(s)ds u(t)dt

= bUDf(x) +
∫ ∞

0

∫ ∞

t

PD
r f(x)v(r − t)dr u(t)dt

= bUDf(x) +
∫ ∞

0

(∫ r

0

u(t)v(r − t)dt

)
PD

r f(x)dr

=
∫ ∞

0

(
bu(r) +

∫ r

0

u(t)v(r − t)dt

)
PD

r f(x)dr

=
∫ ∞

0

PD
r f(x)dr = GDf(x).

(b) Similarly as above,

V DUDm(x) = bUDm(x) +
∫ ∞

0

PD
t UDm(x)v(t) dt

= bUDm(x) +
∫ ∞

0

PD
t

(∫ ∞

0

PD
s m(x)u(s) ds

)
v(t) dt

= bUDm(x) +
∫ ∞

0

∫ ∞

0

PD
t+sm(x)u(s) ds v(t) dt

= bUDm(x) +
∫ ∞

0

∫ ∞

t

PD
r m(x)u(r − t) dr v(t) dt

= bUDm(x) +
∫ ∞

0

(∫ r

0

u(r − t)v(t) dt

)
PD

r m(x) dr
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=
∫ ∞

0

(
b +
∫ r

0

u(r − t)v(t) dt

)
PD

r m(x) dr

=
∫ ∞

0

PD
r m(x) dr = GDm(x) .

��

Proposition 5.73. Let g be an excessive function for Y D. Then V Dg is
excessive for XD.

Proof. We first observe that if g is excessive with respect to Y D, then g is
the increasing limit of UDfn for some fn. Hence it follows from Proposition
5.72 that

V Dg = lim
n→∞

V DUDfn = lim
n→∞

GDfn,

which implies that V Dg is either identically infinite or excessive with respect
to XD. We prove now that V Dg is not identically infinite. In fact, since g is
excessive with respect to Y D, there exists x0 ∈ D such that for every t > 0,

∞ > g(x0) ≥ QD
t g(x0) =

∫ ∞

0

PD
s g(x0)ρt(ds).

Thus there is s > 0 such that PD
s g(x0) is finite. Hence

∞ > PD
s g(x0) =

∫
D

pD(s, x0, y)g(y) dy ≥ c̃sϕ0(x0)
∫

D

ϕ0(y)g(y) dy,

so we have
∫

D
ϕ0(y)g(y) dy < ∞. Consequently

∫
D

V Dg(x)ϕ0(x) dx =
∫

D

g(x)V Dϕ0(x) dx

=
∫

D

g(x)
(

bϕ0(x) +
∫ ∞

0

PD
t ϕ0(x)v(t) dt

)
dx

=
∫

D

g(x)
(

bϕ0(x) +
∫ ∞

0

e−λ0tϕ0(x)v(t) dt

)
dx

=
∫

D

ϕ0(x)g(x) dx

(
b +
∫ ∞

0

e−λ0tv(t) dt

)
<∞ .

Therefore s = V Dg is not identically infinite in D. ��

Remark 5.74. Note that the proposition above is valid with Y D and ZD

interchanged: If g is excessive for ZD, then UDg is excessive for XD. Using
this we can easily get the following simple fact: If f and g are two nonnegative
Borel functions on D such that V Df and V Dg are not identically infinite,
and such that V Df = V Dg a.e., then f = g a.e. In fact, since V Df and V Dg
are excessive for ZD, we know that GDf = UDV Df and GDg = UDV Dg
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are excessive for XD. Moreover, by the absolute continuity of UD, we have
that GDf = GDg. The a.e. equality of f and g follows from the uniqueness
principle for GD.

The second part of Proposition 5.72 shows that if s = GDm is the poten-
tial of a measure, then s = V Dg where g = UDm is excessive for Y D. The
function g can be written in the following way:

g(x) =
∫ ∞

0

PD
s m(x)u(s) ds

=
∫ ∞

0

PD
s m(x)

(
u(∞) +

∫ ∞

s

−du(t)
)

ds

=
∫ ∞

0

PD
s m(x)u(∞) ds +

∫ ∞

0

PD
s m(x)

(∫ ∞

s

−du(t)
)

ds

= u(∞)s(x) +
∫ ∞

0

(∫ t

0

PD
s m(x) ds

)
(−du(t))

= u(∞)s(x) +
∫ ∞

0

(PD
t s(x)− s(x)) du(t) . (5.110)

In the next proposition we will show that every excessive function s for
XD can be represented as a potential V Dg, where g, given by (5.110), is
excessive for Y D. We need the following important lemma.

Lemma 5.75. Let h be a nonnegative harmonic function for XD, and let

g(x) = u(∞)h(x) +
∫ ∞

0

(PD
t h(x)− h(x)) du(t) . (5.111)

Then g is continuous.

Proof. For any ε > 0 it holds that |
∫∞

ε
du(t)| ≤ u(ε). Hence from the

continuity of h and PD
t h it follows by the dominated convergence theorem

that the function

x �→
∫ ∞

ε

(PD
t h(x)− h(x)) du(t), x ∈ D,

is continuous. Therefore we only need to prove that the function

x �→
∫ ε

0

(PD
t h(x)− h(x)) du(t), x ∈ D,

is continuous. For any x0 ∈ D choose r > 0 such that B(x0, 2r) ⊂ D, and let
B = B(x0, r). It is enough to show that

lim
ε↓0

∫ ε

0

(PD
t h(x)− h(x)) du(t) = 0
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uniformly on B, the closure of B. For any x ∈ B, h(Xt∧τB
) is a P

x-martingale.
Therefore,

0 ≤ h(x)− PD
t h(x) = E

x[h(Xt∧τB
)]− E

x[h(Xt), t < τD]
= E

x[h(Xt), t < τB ] + E
x[h(XτB

), τB ≤ t]
−E

x[h(Xt), t < τB ]− E
x[h(Xt), τB ≤ t < τD]

= E
x[h(XτB

), τB ≤ t]− E
x[h(Xt), τB ≤ t < τD]

≤ E
x[h(XτB

), τB ≤ t] ≤ MP
x(τB ≤ t) , (5.112)

where M is a constant such that h(y) ≤ M for all y ∈ B. It is a standard
fact that there exists a constant c > 0 such that for every x ∈ B it holds
that P

x(τB ≤ t) ≤ ct, for all t > 0. Therefore, 0 ≤ h(x) − PD
t h(x) ≤ Mct,

for all x ∈ B and all t > 0. It follows that for every x ∈ B,
∣∣∣∣
∫ ε

0

(PD
t h− h)(x) du(t)

∣∣∣∣ ≤Mc

∣∣∣∣
∫ ε

0

t du(t)
∣∣∣∣ .

By use of (5.14) we get that

lim
ε↓0

∫ ε

0

(PD
t h(x)− h(x)) du(t) = 0

uniformly on B. The proof is now complete. ��

Proposition 5.76. If s is an excessive function with respect to XD, then

s(x) = V Dg(x), x ∈ D ,

where g is the excessive function for Y D given by the formula

g(x) = u(∞)s(x) +
∫ ∞

0

(PD
t s(x)− s(x)) du(t) (5.113)

= ψ(0)s(x) +
∫ ∞

0

(s(x)− PD
t s(x)) dν(t) . (5.114)

Proof. We know that the result is true when s is the potential of a measure.
Let s be an arbitrary excessive function of XD. By the Riesz decomposition
theorem (see, for instance, Chapter 6 of [23]), s = GDm + h, where m is
a measure on D, and h is a nonnegative harmonic function for XD. By
linearity, it suffices to prove the result for nonnegative harmonic functions.

In the rest of the proof we assume therefore that s is a nonnegative har-
monic function for XD. Define the function g by formula (5.113). We have
to prove that g is excessive for Y D and s = V Dg. By Lemma 5.75, we know
that g is continuous.
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Further, since s is excessive, there exists a sequence of nonnegative func-
tions fn such that sn := GDfn increases to s. Then also PD

t sn ↑ PD
t s,

implying sn − PD
t sn → s− PD

t s. If

gn = u(∞)sn +
∫ ∞

0

(sn − PD
t sn)(−du(t)) ,

then we know that sn = V Dgn and gn is excessive for Y D. By use of Fatou’s
lemma we get that

g = u(∞)s +
∫ ∞

0

(s− PD
t s)(−du(t))

= lim
n

u(∞)sn +
∫ ∞

0

lim
n

(sn − PD
t sn)(−du(t))

≤ lim inf
n

(
u(∞)sn +

∫ ∞

0

(sn − PD
t sn)(−du(t))

)

= lim inf
n

gn .

This implies (again by Fatou’s lemma) that

V Dg ≤ V D(lim inf
n

gn) (5.115)

≤ lim inf
n

V Dgn = lim inf
n

sn = s .

For any nonnegative function f , put GD
1 f(x) :=

∫∞
0

e−tPD
t f(x) dt, and

define s1 := s − GD
1 s. Using an argument similar to that of the proof of

Proposition 5.73 we can show that GDs is not identically infinite. Thus by
the resolvent equation we get GDs1 = GDs−GDGD

1 s = GD
1 s, or equivalently,

s(x) = s1(x) + GD
1 s(x) = s1(x) + GDs1(x), x ∈ D,

By use of formula (5.110) for the potential GDs1, Fubini’s theorem and the
easy fact that V D and GD

1 commute, we have

GD
1 s = GDs1 = V D

(
u(∞)GDs1 +

∫ ∞

0

(PD
t GDs1 −GDs1) du(t)

)

= V D

(
u(∞)GD

1 s +
∫ ∞

0

(PD
t GD

1 s−GD
1 s) du(t)

)

= GD
1 V D

(
u(∞)s +

∫ ∞

0

(PD
t s− s) du(t)

)
.

By the uniqueness principle it follows that

s = V D

(
u(∞)s +

∫ ∞

0

(PD
t s− s) du(t)

)
= V Dg a.e. in D .
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Together with (5.115), this implies that V Dg = V D(lim infn gn) a.e. From
Remark 5.74 it follows that

g = lim inf
n

gn a.e. (5.116)

By Fatou’s lemma and the Y D-excessiveness of gn we get that,

λUD
λ g = λUD

λ (lim inf gn) ≤ lim inf
n

λUD
λ gn ≤ lim inf gn = g a.e .

We want to show that, in fact, λUD
λ g ≤ g everywhere, i.e., that g is su-

permedian. In order to do this we define g̃ := supn∈N
nUD

n g. Then g̃ ≤ g
a.e., hence, by the absolute continuity of UD

n , nUD
n g̃ ≤ nUD

n g ≤ g̃ every-
where. This implies that λ �→ λUD

λ g̃ is increasing (see, e.g., Lemma 3.6 in
[22]), hence g̃ is supermedian. The same argument gives that n �→ nUD

n g is
increasing a.e. Define

˜̃g := sup
λ>0

λUD
λ g̃ = sup

n
nUD

n g̃ .

Then ˜̃g is excessive, and therefore lower semicontinuous. Moreover,

˜̃g = sup
n

nUD
n g̃ ≤ g̃ ≤ g a.e.

Combining this with the continuity of g and the lower semicontinuity of
˜̃g, we can get that ˜̃g ≤ g everywhere. Further, for x ∈ D such that g̃(x) <∞,
we have by the monotone convergence theorem and the resolvent equation

λUD
λ g̃(x) = lim

n→∞
λUD

λ (nUD
n )g(x)

= lim
n→∞

nλ

n− λ
(UD

λ g(x)− UD
n g(x)

= λUD
λ g(x) .

Since g̃ <∞ a.e., we have

λUD
λ g̃ = λUD

λ g a.e.

Together with the definition of g̃ this implies that

˜̃g = g̃ a.e. (5.117)

By the continuity of g and the fact that the measures nUD
n (x, ·) converge

weakly to the point mass at x, we have that for every x ∈ D

g(x) ≤ lim inf
n→∞

nUD
n g(x) ≤ g̃(x).
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Hence, by using (5.117), it follows that g ≤ ˜̃g a.e. Since we already proved
that ˜̃g ≤ g, it holds that g = ˜̃g a.e. By the absolute continuity of UD

λ ,
g ≥ ˜̃g ≥ λUD

λ
˜̃g = λUD

λ g everywhere, i.e., g is supermedian.
Since it is well known (see e.g. [60]) that a supermedian function which is

lower semicontinuous is in fact excessive, this proves that g is excessive for
Y D. By Proposition 5.73 we then have that V Dg ≤ s is excessive for XD.
Moreover, V Dg = s a.e., and both functions being excessive for XD, they
are equal everywhere.

It remains to notice that the formula (5.114) follows immediately from
(5.113) by noting that u(∞) = ψ(0) and du(t) = −dν(t). ��

Propositions 5.72 and 5.76 can be combined in the following theorem
containing additional information on harmonic functions.

Theorem 5.77. If s is excessive with respect to XD, then there is a function
g excessive with respect to Y D such that s = V Dg. The function g is given
by the formula (5.110). Furthermore, if s is harmonic with respect to XD,
then g is harmonic with respect to Y D.

Conversely, if g is excessive with respect to Y D, then the function s defined
by s = V Dg is excessive with respect to XD. If, moreover, g is harmonic
with respect to Y D, then s is harmonic with respect to XD.

Every nonnegative harmonic function for Y D is continuous.

Proof. It remains to show the statements about harmonic functions. First
note that every excessive functions g for Y D admits the Riesz decomposition
g = UDm + h where m is a Borel measure on D and h is harmonic function
of Y D (see Chapter 6 of [23] and note that the assumptions on pp. 265, 266
are satisfied). We have already mentioned that excessive functions of XD

admit such decomposition. Since excessive functions of XD and Y D are in
1-1 correspondence, and since potentials of measures of XD and Y D are in
1-1 correspondence, the same must hold for nonnegative harmonic functions
of XD and Y D.

The continuity of nonnegative harmonic functions for Y D follows from
Lemma 5.75 and Proposition 5.76. ��

It follows from the theorem above that V D is a bijection from S(Y D) to
S(XD), and is also a bijection from H+(Y D) to H+(XD). We are going to
use (V D)−1 to denote the inverse map and so we have for any s ∈ S(Y D),

(V D)−1s(x) = u(∞)s(x) +
∫ ∞

0

(PD
t s(x)− s(x)) du(t) (5.118)

= ψ(0)s(x) +
∫ ∞

0

(s(x)− PD
t s(x)) dν(t) .

Although the map V D is order preserving, we do not know if the inverse map
(V D)−1 is order preserving on S(XD). However from the formula above we
can see that (V D)−1 is order preserving on H+(XD).
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By combining Proposition 5.72 and Theorem 5.77 we get the following
relation which we are going to use later.

Proposition 5.78. For any x, y ∈ D, we have

UD(x, y) = (V D)−1(GD(·, y))(x).

5.5.3 Harnack Inequality for Subordinate Process

In this subsection we are going to prove the Harnack inequality for positive
harmonic functions for the process Y D under the assumption that D is a
bounded domain such that (PD

t ) is intrinsic ultracontractive. The proof we
offer uses the intrinsic ultracontractivity in an essential way, and differs from
the existing proofs of Harnack inequalities in other settings.

We first recall that since (PD
t : t ≥ 0) is intrinsic ultracontractive, by

Theorem 4.2.5 of [66] there exists T > 0 such that

1
2
e−λ0tϕ0(x)ϕ0(y) ≤ pD(t, x, y) ≤ 3

2
e−λ0tϕ0(x)ϕ0(y), t ≥ T, x, y ∈ D.

(5.119)

Lemma 5.79. Suppose that D is a bounded domain such that (PD
t ) is

intrinsic ultracontractive. There exists a constant C > 0 such that

V Dg ≤ Cg, ∀g ∈ S(Y D) . (5.120)

Proof. Let T be the constant from (5.119). For any nonnegative function f ,

UDf(x) =

(∫ T

0

PD
t f(x)u(t) dt +

∫ ∞

T

PD
t f(x)u(t) dt

)
.

We obviously have

∫ T

0

PD
t f(x)u(t) dt ≥ u(T )

∫ T

0

PD
t f(x) dt.

By using (5.119) we see that

∫ ∞

T

PD
t f(x)u(t) dt ≥

(
1
2

∫ ∞

T

e−λ0tu(t) dt

)∫
D

ϕ0(x)ϕ0(y)f(y) dy

= c1

∫
D

ϕ0(x)ϕ0(y)f(y) dy
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and
∫ ∞

T

PD
t f(x) dt ≤

(
3
2

∫ ∞

T

e−λ0tdt

)∫
D

ϕ0(x)ϕ0(y)f(y)dy

= c2

∫
D

ϕ0(x)ϕ0(y)f(y)dy .

The last two displays imply that

∫ ∞

T

PD
t f(x)u(t) dt ≥ c1

c2

∫ ∞

T

PD
t f(x) dt .

Therefore,

UDf(x) ≥ u(T )
∫ T

0

PD
t f(x) dt +

c1

c2

∫ ∞

T

PD
t f(x) dt

≥ C

∫ ∞

0

PD
t f(x) dt = CGDf(x) .

From GDf(x) = V DUDf(x), we obtain V DUDf(x) ≤ CUDf(x). Since every
g ∈ S(Y D) is an increasing limit of potentials UDf(x), the claim follows. ��

Lemma 5.80. Suppose D is a bounded domain such that (PD
t ) is intrinsic

ultracontractive. If g ∈ S(Y D), then for any x ∈ D,

g(x) ≥ 1
2C

e−λ0T 1
ψ(λ0)

ϕ0(x)
∫

D

g(y)ϕ0(y) dy,

where T is the constant in (5.119) and C is the constant in (5.120).

Proof. From the lemma above we know that, for every x ∈ D, V Dg(x) ≤
Cg(x), where C is the constant in (5.120). Since V Dg is in S(XD), we have

V Dg(x) ≥
∫

D

pD(T, x, y)V Dg(y) dy

≥ 1
2

e−λ0T ϕ0(x)
∫

D

ϕ0(y)V Dg(y) dy.

Hence

Cg(x) ≥ V Dg(x) ≥ 1
2
e−λ0T ϕ0(x)

∫
D

ϕ0(y)V Dg(y) dy

=
1
2
e−λ0T ϕ0(x)

∫
D

g(y)V Dϕ0(y) dy

=
1
2
e−λ0T 1

ψ(λ0)
ϕ0(x)

∫
D

g(y)ϕ0(y) dy ,
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where the last line follows from

V Dϕ0(y) =
∫ ∞

0

PD
t ϕ0(y)V (dt) =

∫ ∞

0

e−λ0tϕ0(y)V (dt)

= ϕ0(y)LV (λ0) =
ϕ0(y)
ψ(λ0)

.

��

In particular, it follows from the lemma that if g ∈ S(Y D) is not identically
infinite, then

∫
D

ϕ0(y)g(y) dy < ∞.

Theorem 5.81. Suppose D is a bounded domain such that (PD
t ) is intrinsic

ultracontractive. For any compact subset K of D, there exists a constant C
depending on K and D such that for any h ∈ H+(Y D),

sup
x∈K

h(x) ≤ C inf
x∈K

h(x).

Proof. If the conclusion of the theorem were not true, for any n ≥ 1, there
would exist hn ∈ H+(Y D) such that

sup
x∈K

hn(x) ≥ n2n inf
x∈K

hn(x). (5.121)

By the lemma above, we may assume without loss of generality that
∫

D

hn(y)ϕ0(y)dy = 1, n ≥ 1.

Define

h(x) =
∞∑

n=1

2−nhn(x), x ∈ D.

Then ∫
D

h(y)ϕ0(y)dy = 1 ,

and so h ∈ H+(Y D). By (5.121) and the lemma above, for every n ≥ 1, there
exists xn ∈ K such that hn(xn) ≥ n2nc1 where

c1 =
1

2C
e−λ0T 1

ψ(λ0)
inf

x∈K
ϕ0(x)

with T as in (5.119) and C in (5.120). Therefore we have h(xn) ≥ nc1. Since
K is compact, there is a convergent subsequence of xn. Let x0 be the limit
of this convergent subsequence. Theorem 5.77 implies that h is continuous,
and so we have h(x0) = ∞. This is a contradiction. So the conclusion of the
theorem is valid. ��
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5.5.4 Martin Boundary of Subordinate Process

In this subsection we assume that d ≥ 3 and that D is a bounded Lipschitz
domain in R

d. Fix a point x0 ∈ D and set

MD(x, y) =
GD(x, y)
GD(x0, y)

, x, y ∈ D.

It is well known that the limit limD	y→z MD(x, y) exists for every x ∈ D and
z ∈ ∂D. The function MD(x, z) := limD	y→z MD(x, y) on D × ∂D defined
above is called the Martin kernel of XD based at x0. The Martin boundary
and minimal Martin boundary of XD both coincide with the Euclidean
boundary ∂D. For these and other results about the Martin boundary of XD

one can see [10]. One of the goals of this section is to determine the Martin
boundary of Y D.

By using the Harnack inequality, one can easily show that (see, for in-
stance, pages 17–18 of [71]), if (hj) is a sequence of functions in H+(XD)
converging pointwise to a function h ∈ H+(XD), then (hj) is locally uni-
formly bounded in D and equicontinuous at every point in D. Using this,
one can get that, if (hj) is a sequence of functions in H+(XD) converging
pointwise to a function h ∈ H+(XD), then (hj) converges to h uniformly on
compact subsets of D. We are going to use this fact below.

Lemma 5.82. Suppose that x0 ∈ D is a fixed point.

(a) Let (xj : j ≥ 1) be a sequence of points in D converging to x ∈ D and
let (hj) be a sequence of functions in H+(XD) with hj(x0) = 1 for all
j. If the sequence (hj) converges to a function h ∈ H+(XD), then for
each t > 0

lim
j→∞

PD
t hj(xj) = PD

t h(x) .

(b) If (yj : j ≥ 1) is a sequence of points in D such that limj yj = z ∈ ∂D,
then for each t > 0 and for each x ∈ D

lim
j→∞

PD
t

(
GD(·, yj)

GD(x0, yj)

)
(x) = PD

t (MD(·, z))(x) .

Proof. (a) For each j ∈ N, since hj(x0) = 1, there exists a probability
measure μj on ∂D such that

hj(x) =
∫

∂D

MD(x, z)μj(dz), x ∈ D.

Similarly, there exists a probability measure μ on ∂D such that

h(x) =
∫

∂D

MD(x, z)μ(dz), x ∈ D.
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Let D0 be a relatively compact open subset of D such that x0 ∈ D0, and
also x, xj ∈ D0. Then

|PD
t hj(xj)− PD

t h(x)|

=
∣∣∣∣
∫

D

pD(t, xj , y)hj(y)dy −
∫

D

pD(t, x, y)h(y)dy

∣∣∣∣
≤
∣∣∣∣
∫

D0

pD(t, xj , y)hj(y)dy −
∫

D0

pD(t, x, y)h(y)dy

∣∣∣∣
+
∫

D\D0

pD(t, xj , y)hj(y) dy +
∫

D\D0

pD(t, x, y)h(y) dy .

Recall that (see Section 6.2 of [62], for instance) there exists a constant c > 0
such that

GD(x, y)GD(y, w)
GD(x,w)

≤ c

(
1

|x− y|d−2
+

1
|y − w|d−2

)
, x, y, w ∈ D. (5.122)

From this and the definition of the Martin kernel we immediately get

GD(x0, y)MD(y, z) ≤ c

(
1

|x0 − y|d−2
+

1
|y − z|d−2

)
, y ∈ D, z ∈ ∂D.

(5.123)
Recall (see [66], p.131, Theorem 4.6.11) that there is a constant c > 0 such
that

ϕ0(x0)ϕ0(y) ≤ cGD(x0, y), y ∈ D .

By the boundedness of ϕ0 we have that ϕ0(u) ≤ c1ϕ0(x0) for every u ∈ D.
Hence it follows from the last display that

ϕ0(u)ϕ0(y) ≤ cGD(x0, y), u, y ∈ D , (5.124)

with a possibly different constant c > 0. Now using (5.109), (5.123) and
(5.124) we get that for any u ∈ D,

∫
D\D0

pD(t, u, y)h(y) dy ≤ ctϕ0(u)
∫

D\D0

ϕ0(y)h(y) dy

= ctϕ0(u)
∫

D\D0

dy ϕ0(y)
∫

∂D

MD(y, z)μ(dz)

= ctϕ0(u)
∫

∂D

μ(dz)
∫

D\D0

ϕ0(y)MD(y, z) dy

≤ cct

∫
∂D

μ(dz)
∫

D\D0

GD(x0, y)MD(y, z) dy
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≤ cct

∫
∂D

μ(dz)
∫

D\D0

(
1

|y − z|d−2
+

1
|x0 − y|d−2

)
dy

≤ cct

∫
∂D

μ(dz)
∫

D\D0

sup
z∈∂D

(
1

|y − z|d−2
+

1
|x0 − y|d−2

)
dy

= cct

∫
D\D0

sup
z∈∂D

(
1

|y − z|d−2
+

1
|x0 − y|d−2

)
dy .

The same estimate holds with hj instead of h. For a given ε > 0 choose D0

large enough so that the last line in the display above is less than ε. Put
A = supD0

h. Take j0 ∈ N large enough so that for all j ≥ j0 we have

|pD(t, xj , y)− pD(t, x, y)| ≤ ε and |hj(y)− h(y)| < ε

for all y ∈ D0. Then
∣∣∣∣
∫

D0

pD(t, xj , y)hj(y)dy −
∫

D0

pD(t, x, y)h(y)dy

∣∣∣∣
≤
∫

D0

pD(t, xj , y)|hj(y)− h(y)|dy +
∫

D0

|pD(t, xj , y)− pD(t, x, y)|h(y)dy

≤ ε + A|D0|ε,

where |D0| stands for the Lebesgue measure of D0. This proves the first part.
(b) We proceed similarly as in the proof of the first part. The only difference
is that we use (5.122) to get the following estimate:

∫
D\D0

pD(t, x, y)
GD(y, yj)
GD(x0, yj)

dy

≤ ctϕ0(x)
∫

D\D0

ϕ0(y)
GD(y, yj)
GD(x0, yj)

dy

≤ cct

∫
D\D0

GD(x0, y)GD(y, yj)
GD(x0, yj)

dy

≤ cct

∫
D\D0

(|x0 − y|2−d + |y − yj |2−d) dy

≤ cct sup
j

∫
D\D0

(|x0 − y|2−d + |y − yj |2−d) dy .

The corresponding estimate for MD(·, z) is given in part (a) of the lemma.
For a given ε > 0 find D0 large enough so that the last line in the display
above is less than ε. Then find j0 ∈ N such that for all j ≥ j0,

∣∣∣∣ GD(y, yj)
GD(x0, yj)

−MD(y, z)
∣∣∣∣ < ε, y ∈ D0.
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Then
∫

D0

pD(t, x, y)
∣∣∣∣ G

D(y, yn)
GD(x0, yj)

−MD(y, z)
∣∣∣∣ dy < ε for all j ≥ j0 .

This proves the second part. ��

Theorem 5.83. Suppose that D ⊂ R
d, d ≥ 3, is a bounded Lipschitz domain

and let x0 ∈ D be a fixed point.

(a) If (xj) is a sequence of points in D converging to x ∈ D and (hj) is a se-
quence of functions in H+(XD) converging to a function h ∈ H+(XD),
then

lim
j

(V D)−1hj(xj) = (V D)−1h(x) .

(b) If (yj) is a sequence of points in D converging to z ∈ ∂D, then for every
x ∈ D,

lim
j

(V D)−1(
GD(·, yj)

GD(x0, yj)
)(x) = lim

j

(V D)−1(GD(·, yj))(x)
GD(x0, yj)

= (V D)−1MD(·, z)(x) .

Proof. (a) Normalizing by hj(x0) if necessary, we may assume without loss
of generality that hj(x0) = 1 for all j ≥ 1. Let ε > 0. By (5.118) we have

|(V D)−1hj(xj)− (V D)−1h(x)|

=
∣∣∣∣
∫ ∞

0

(PD
t hj(xj)− hj(xj) du(t)−

∫ ∞

0

(PD
t h(x)− h(x)) du(t)

+u(∞)(hj(xj)− h(x))|

≤
∫ ε

0

(PD
t hj(xj)− hj(xj)) du(t) +

∫ ε

0

(PD
t h(x)− h(x)) du(t)

+
∣∣∣∣
∫ ∞

ε

(PD
t hj(xj)− hj(xj)) du(t)−

∫ ∞

ε

(PD
t h(x)− h(x)) du(t)

∣∣∣∣
+u(∞)|hj(xj)− h(x)| .

The last term clearly converges to zero as j →∞.
For any x ∈ D choose r > 0 such that B(x, 2r) ⊂ D and put B = B(x, r).

Without loss of generality we may and do assume that xj ∈ B for all j ≥ 1.
Since h and hj are continuous in D and (hj) is locally uniformly bounded in
D, there is a constant M > 0 such that h and hj , j = 1, 2, . . . , are all bounded
from above by M on B. Now from the proof of Lemma 5.75, more precisely
from display (5.112), it follows that there is a constant c1 > 0 such that

0 ≤ h(y)− PD
t h(y) ≤ c1t, y ∈ B ,
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and
0 ≤ hj(y)− PD

t hj(y) ≤ c1t, y ∈ B, j ≥ 1 .

Therefore we have,
∣∣∣∣
∫ ε

0

(PD
t h− h)(y) du(t)

∣∣∣∣ ≤ c1

∣∣∣∣
∫ ε

0

t du(t)
∣∣∣∣ , y ∈ B

and ∣∣∣∣
∫ ε

0

(PD
t hj − hj)(y) du(t)

∣∣∣∣ ≤ c1

∣∣∣∣
∫ ε

0

t du(t)
∣∣∣∣ , y ∈ B , j ≥ 1.

Using (5.14) we get that

lim
ε↓0

∫ ε

0

(PD
t h(x)− h(x)) du(t) = 0 ,

and
lim
ε↓0

∫ ε

0

(PD
t hj(xj)− hj(xj)) du(t) = 0 .

Further,
∣∣∣∣
∫ ∞

ε

(PD
t hj(xj)− hj(xj)) du(t)−

∫ ∞

ε

(PD
t h(x)− h(x)) du(t)

∣∣∣∣
≤
∫ ∞

ε

(|hj(xj)−h(xj)|+|h(xj)− h(x)|) du(t)+
∫ ∞

ε

|PD
t hj(xj)−PD

t h(x)| du(t).

Since |hj(xj)−h(xj)|+ |h(xj)−h(x)| ≤ 2M and |PD
t hj(xj)−PD

t h(x)| ≤ M
for all j ≥ 1 and all x ∈ B, we can apply Lemma 5.82(a) and the dominated
convergence theorem to get

lim
j→∞

∫ ∞

ε

(|hj(xj)− h(xj)|+ |h(xj)− h(x)|) du(t) = 0

and
lim

j→∞

∫ ∞

ε

|PD
t hj(xj)− PD

t h(x)|du(t) = 0.

The proof of (a) is now complete.
(b) The proof of (b) is similar to (a). The only difference is that we use

5.82(b) in this case. We omit the details. ��

Let us define the function KD
Y (x, z) := (V D)−1MD(·, z)(x) on D × ∂D.

For each fixed z ∈ ∂D, KD
Y (·, z) ∈ H+(Y D). By the first part of Theorem

5.83, we know that KD
Y (x, z) is continuous on D×∂D. Let (yj) be a sequence

of points in D converging to z ∈ ∂D, then from Theorem 5.83(b) we get that

KD
Y (x, z) = lim

j→∞
(V D)−1

(
GD(·, yj)

GD(x0, yj)

)
(x)
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= lim
j→∞

(V D)−1(GD(·, yj))(x)
GD(x0, yj)

= lim
j→∞

UD(x, yj)
GD(x0, yj)

, (5.125)

where the last line follows from Proposition 5.78. In particular, there exists
the limit

lim
j→∞

UD(x0, yj)
GD(x0, yj)

= KD
Z (x0, z) . (5.126)

Now we define a function MD
Y on D × ∂D by

MD
Y (x, z) :=

KD
Y (x, z)

KD
Y (x0, z)

, x ∈ D, z ∈ ∂D. (5.127)

For each z ∈ ∂D, MD
Y (·, z) ∈ H+(Y D). Moreover, MD

Y is jointly continuous
on D × ∂D. From the definition above and (5.125) we can easily see that

lim
D	y→z

UD(x, y)
UD(x0, y)

= MD
Y (x, z), x ∈ D, z ∈ ∂D. (5.128)

Theorem 5.84. Let D ⊂ R
d, d ≥ 3, be a bounded Lipschitz domain. The

Martin boundary and the minimal Martin boundary of Y D both coincide with
the Euclidean boundary ∂D, and the Martin kernel based at x0 is given by
the function MD

Y .

Proof. The fact that MD
Y is the Martin kernel of Y D based at x0 has been

proven in the paragraph above. It follows from Theorem 5.77 that when z1

and z2 are two distinct points on ∂D, the functions MD
Y (·, z1) and MD

Y (·, z2)
are not identical. Therefore the Martin boundary of Y D coincides with the
Euclidean boundary ∂D. Since MD(·, z) ∈ H+(XD) is minimal, by the order
preserving property of (V D)−1 we know that MD

Y (·, z) ∈ H+(Y D) is also
minimal. Therefore the minimal Martin boundary of YD also coincides with
the Euclidean boundary ∂D. ��

It follows from Theorem 5.84 and the general theory of Martin boundary
that for any g ∈ H+(Y D) there exists a finite measure n on ∂D such that

g(x) =
∫

∂D

MD
Y (x, z)n(dz), x ∈ D.

The measure n is sometimes called the Martin measure of g. The following
result gives the relation between the Martin measure of h ∈ H+(XD) and
the Martin measure of (V D)−1h ∈ H+(Y D).

Proposition 5.85. If h ∈ H+(XD) has the representation
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h(x) =
∫

∂D

MD(x, z)m(dz), x ∈ D,

then
(V D)−1h(x) =

∫
∂D

MD
Y (x, z)n(dz), x ∈ D

with n(dz) = KD
Y (x0, z)m(dz).

Proof. By assumption we have

h(x) =
∫

∂D

MD(x, z)m(dz), x ∈ D.

Using (5.113) and Fubini’s theorem we get

(V D)−1h(x) =
∫

∂D

(V D)−1(MD(·, z))(x)m(dz)

=
∫

∂D

MD
Y (x, z)KD

Y (x0, z)m(dz) =
∫

∂D

MD
Y (x, z)n(dz) ,

with n(dz) = KD
Y (x0, z)m(dz). The proof is now complete. ��

From Theorem 5.83 we know that (V D)−1 : H+(XD) → H+(Y D) is
continuous with respect to topologies of locally uniform convergence. In the
next result we show that V D : H+(Y D) → H+(XD) is also continuous.

Proposition 5.86. Let (gj , j ≥ 0) be a sequence of functions in H+(Y D)
converging pointwise to the function g ∈ H+(Y D). Then limj→∞ V Dgj(x) =
V Dg(x) for every x ∈ D.

Proof. Without loss of generality we may assume that gj(x0) = 1 for all
j ∈ N. Then there exist probability measures nj , j ∈ N, and n on ∂D such
that gj(x) =

∫
∂D

MD
Y (x, z)nj(dz), j ∈ N, and g(x) =

∫
∂D

MD
Y (x, z)n(dz).

It is easy to show that the convergence of the harmonic functions hj

implies that nj → n weakly. Let V Dgj(x) =
∫

∂D
MD(x, z)mj(dz) and

V Dg(x) =
∫

∂D
MD(x, z)m(dz). Then nj(dz) = KD

Y (x0, z)mj(dz) and
n(dz) = KD

Y (x0, z)m(dz). Since the density KD
Y (x0, ·) is bounded away

from zero and bounded from above, it follows that mj → m weakly. From
this the claim of proposition follows immediately. ��

5.5.5 Boundary Harnack Principle for Subordinate
Process

The boundary Harnack principle is a very important result in potential
theory and harmonic analysis. For example, it is usually used to prove that,
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when D is a bounded Lipschitz domain, both the Martin boundary and
the minimal Martin boundary of XD coincide with the Euclidean boundary
∂D. We have already proved in Theorem 5.84 that for Y D, both the Martin
boundary and the minimal Martin boundary coincide with the Euclidean
boundary ∂D. By using this we are going to prove a boundary Harnack
principle for functions in H+(Y D).

In this subsection we will always assume that D ⊂ R
d, d ≥ 3, is a bounded

Lipschitz domain and x0 ∈ D is fixed. Recall that ϕ0 is the eigenfunction
corresponding to the smallest eigenvalue λ0 of −Δ|D. Also recall that the po-
tential operator V D is not absolutely continuous in case b > 0 and is given by

V Df(x) = bf(x) +
∫ ∞

0

PD
t f(x)v(t) dt .

Define
Ṽ D(x, y) =

∫ ∞

0

pD(t, x, y)v(t) dt .

Then
V Df(x) = bf(x) +

∫
D

Ṽ D(x, y)f(y) dy .

Proposition 5.87. Suppose that D is a bounded Lipschitz domain. There
exist c > 0 and k > d such that

UD(x, y) ≤ c
ϕ0(x)ϕ0(y)
|x− y|k ,

Ṽ D(x, y) ≤ c
ϕ0(x)ϕ0(y)
|x− y|k ,

for all x, y ∈ D.

Proof. We give a proof of the second estimate, the proof of the first being
exactly the same. Note that similarly as in (2.13)

lim
t→0

tv(t) = 0 . (5.129)

It follows from Theorem 4.6.9 of [66] that the density pD of the killed
Brownian motion on D satisfies the following estimate

pD(t, x, y) ≤ c1t
−k/2ϕ0(x)ϕ0(y)e−

|x−y|2
6t , t > 0, x, y ∈ D,

for some k > d and c2 > 0. Recall that v is a decreasing function. From
(5.129) it follows that there exists a t0 > 0 such that v(t) ≤ 1

t for t ≤ t0.
Consequently,

v(t) ≤ M +
1
t
, t > 0,
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for some M > 0. Now we have

Ṽ D(x, y) =
∫ ∞

0

pD(t, x, y)v(t)dt ≤ c1

∫ ∞

0

t−k/2ϕ0(x)ϕ0(y)e−
|x−y|2

6t v(t)dt

≤ c1

∫ ∞

0

t−k/2−1ϕ0(x)ϕ0(y)e−
|x−y|2

6t dt + Mc1

∫ ∞

0

t−k/2ϕ0(x)ϕ0(y)e−
|x−y|2

6t dt

≤ c2
ϕ0(x)ϕ0(y)
|x− y|k + Mc3

ϕ0(x)ϕ0(y)
|x− y|k−2

≤ c4
ϕ0(x)ϕ0(y)
|x− y|k .

The proof is now finished. ��

Lemma 5.88. Suppose that D is a bounded Lipschitz domain and W an
open subset of R

d such that W ∩ ∂D is non-empty. If h ∈ H+(Y D) satisfies

lim
x→z

h(x)
(V D)−11(x)

= 0, for all z ∈ W ∩ ∂D,

then
lim
x→z

V Dh(x) = 0, for all z ∈W ∩ ∂D .

Proof. Fix z ∈ W ∩ ∂D. For any ε > 0, there exists δ > 0 such that
h(x) ≤ ε(V D)−11(x) for x ∈ B(z, δ) ∩D. Thus we have

V Dh(x) ≤ V D(h 1D\B(z,δ))(x) + εV D(V D)−11(x)

= V D(h 1D\B(z,δ))(x) + ε, x ∈ D.

For any x ∈ B(z, δ/2) ∩D we have

V D(h 1D\B(z,δ))(x) = bh(x) 1D\B(z,δ)(x) +
∫

D\B(z,δ)

Ṽ D(x, y)h(y) dy

=
∫

D\B(z,δ)

Ṽ D(x, y)h(y) dy

since 1D\B(z,δ)(x) = 0 for x ∈ B(z, δ/2)∩D. By Proposition 5.87 we get that
there exists c > 0 such that for any x ∈ B(z, δ/2) ∩D,

∫
D\B(z,δ)

Ṽ D(x, y)h(y) ≤ cϕ0(x)
∫

D\B(z,δ)

ϕ0(y)
|x− y|k h(y) dy

≤ cϕ0(x)
∫

D\B(z,δ)

ϕ0(y)
(δ/2)k

h(y) dy ≤ cϕ0(x)
∫

D

ϕ0(y)h(y) dy .
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Hence,

V Dh(x) ≤ cϕ0(x)
∫

D

ϕ0(y)h(y)dy + ε .

From Lemma 5.80 we know that
∫

D
ϕ0(y)h(y)dy < ∞. Now the conclusion

of the lemma follows easily from the fact that limx→z ϕ0(x) = 0. ��

Now we can prove the main result of this section: the boundary Harnack
principle.

Theorem 5.89. Suppose that D ⊂ R
d, d ≥ 3, is a bounded Lipschitz do-

main, W an open subset of R
d such that W ∩ ∂D is non-empty, and K a

compact subset of W . There exists a constant c > 0 such that for any two
functions h1 and h2 in H+(Y D) satisfying

lim
x→z

hi(x)
(V D)−11(x)

= 0, z ∈ W ∩ ∂D, i = 1, 2,

we have
h1(x)
h2(x)

≤ c
h1(y)
h2(y)

, x, y ∈ K ∩D.

Proof. By use of (5.119) and Proposition 5.87 there exist positive constants
c1 and c2 such that

c1ϕ0(x)ϕ0(y) ≤ UD(x, y) ≤ c2
ϕ0(x)ϕ0(y)
|x− y|k , x, y ∈ D,

where k > d is given in Proposition 5.87. Therefore it follows from (5.128)
that there exist positive constants c3 and c4 such that

c3ϕ0(x) ≤MD
Y (x, z) ≤ c4ϕ0(x), x ∈ K ∩D, z ∈ ∂D \W. (5.130)

Suppose that h1 and h2 are two functions in H+(Y D) such that

lim
x→z

hi(x)
(V D)−11(x)

= 0, z ∈W ∩ ∂D, i = 1, 2,

then by Lemma 5.88 we have

lim
x→z

V Dhi(x) = 0, z ∈ W ∩ ∂D, i = 1, 2.

Now by Corollary 8.1.6 of [128] we know that the Martin measures m1 and
m2 of V Dh1 and V Dh2 are supported by ∂D \W and so we have

V Dhi(x) =
∫

∂D\W

MD(x, z)mi(dz), x ∈ D, i = 1, 2.
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Using Proposition 5.85 we get that

hi(x) =
∫

∂D\W

MD
Y (x, z)ni(dz), x ∈ D, i = 1, 2,

where ni(dz) = KD
Y (x0, z)mi(dz), i = 1, 2. Now using (5.130) it follows that

c3ϕ0(x)ni(∂D \W ) ≤ hi(x) ≤ c4ϕ0(x)ni(∂D \W ), x ∈ K ∩D, i = 1, 2.

The conclusion of the theorem follows immediately. ��

From the proof of Theorem 5.89 we can see that the following result is true.

Proposition 5.90. Suppose that D ⊂ R
d, d ≥ 3, is a bounded Lipschitz

domain and W an open subset of R
d such that W ∩ ∂D is non-empty. If

h ∈ H+(Y D) satisfies

lim
x→z

h(x)
(V D)−11(x)

= 0, z ∈ W ∩ ∂D,

then
lim
x→z

h(x) = 0, z ∈ W ∩ ∂D.

Proof. From the proof of Theorem 5.89 we see that the Martin measure n
of h is supported by ∂D \W and so we have

h(x) =
∫

∂D\W

MD
Y (x, z)n(dz), x ∈ D.

For any z0 ∈W ∩ ∂D, take δ > 0 small enough so that B(z0, δ) ⊂ B(z0, δ) ⊂
W . Then it follows from (5.130) that

c5ϕ0(x) ≤ MD
Y (x, z) ≤ c6ϕ0(x), x ∈ B(z0, δ) ∩D, z ∈ ∂D \W ,

for some positive constants c5 and c6. Thus

h(x) ≤ c6ϕ0(x)n(∂D \W ), x ∈ B(z0, δ) ∩D,

from which the assertion of the proposition follows immediately. ��

5.5.6 Sharp Bounds for the Green Function
and the Jumping Function of Subordinate
Process

In this subsection we are going to derive sharp bounds for the Green function
and the jumping function of the process Y D. The method uses the upper and
lower bounds for the transition densities pD(t, x, y) of the killed Brownian
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motion. The lower bound that we need is available only in case when D
is a bounded C1,1 domain in R

d. Therefore, throughout this subsection we
assume that D ⊂ R

d is a bounded C1,1 domain. Moreover, recall the standing
assumption that S is a special subordinator such that b > 0 or μ(0,∞) =∞
which guarantees the existence of a decreasing potential density u.

Recall that a bounded domain D ⊂ R
d, d ≥ 2, is called a bounded C1,1 do-

main if there exist positive constants r0 and M with the following property:
For every z ∈ ∂D and every r ∈ (0, r0], there exist a function Γz : R

d−1 → R

satisfying the condition |∇Γz(ξ) − ∇Γz(η)| ≤ M |ξ − η| for all ξ, η ∈ R
d−1,

and an orthonormal coordinate system CSz such that if y = (y1, . . . , yd) in
CSz coordinates, then

B(z, r) ∩D = B(z, r) ∩ {y : yd > Γz(y1, . . . , yd−1} .

When we speak of a bounded C1,1 domain in R we mean a finite open interval.
For any x ∈ D, let ρ(x) denote the distance between x and ∂D. We will

use the following two bounds for transition densities pD(t, x, y): There exists
a positive constant c1 such that for all t > 0 and any x, y ∈ D,

pD(t, x, y) ≤ c1t
−d/2−1ρ(x)ρ(y) exp

(
−|x− y|2

6t

)
. (5.131)

This result (valid also for Lipschitz domains) can be found in [66] (see also
[144]). The lower bound was obtained in [158] and [143] and states that for
any A > 0, there exist positive constants c2 and c such that for any t ∈ (0, A]
and any x, y ∈ D,

pD(t, x, y) ≥ c2

(
ρ(x)ρ(y)

t
∧ 1
)

t−d/2 exp
(
−c|x− y|2

t

)
. (5.132)

Recall that the Green function of Y D is given by

UD(x, y) =
∫ ∞

0

pD(t, x, y)u(t) dt ,

where u is the potential density of the subordinator S. Instead of assuming
conditions on the asymptotic behavior of the Laplace exponent φ(λ) as
λ →∞, we will directly assume the asymptotic behavior of u(t) as t → 0+.
Assumption A: (i) There exist constants c0 > 0 and β ∈ [0, 1] with
β > 1 − d/2, and a continuous function � : (0,∞) → (0,∞) which is slowly
varying at ∞ such that

u(t) ∼ c0

tβ�(1/t)
, t→ 0 + . (5.133)
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(ii) In the case when d = 1 or d = 2, there exist constants c > 0, T > 0 and
γ < d/2 such that

u(t) ≤ ctγ−1, t ≥ T. (5.134)

Note that under certain assumptions on the asymptotic behavior of φ(λ) as
λ →∞, one can obtain (5.133) and (5.134) for the density u.

Theorem 5.91. Suppose that D is a bounded C1,1 domain in R
d and that

the potential density u of the special subordinator S = (St : t ≥ 0) satisfies
the Assumption A. Suppose also that there is a function g : (0,∞) → (0,∞)
such that ∫ ∞

0

td/2−2+βe−tg(t)dt < ∞

and ξ > 0 such that f�,ξ(y, t) ≤ g(t) for all y, t > 0, where f�,ξ is the function
defined before Lemma 5.32 using the � in (5.133). Then there exist positive
constants C1 ≤ C2 such that for all x, y ∈ D,

C1

(
ρ(x)ρ(y)
|x− y|2 ∧ 1

)
1

|x− y|d+2β−2 �( 1
|x−y|2 )

≤ UD(x, y)

≤ C2

(
ρ(x)ρ(y)
|x− y|2 ∧ 1

)
1

|x− y|d+2β−2 �( 1
|x−y|2 )

. (5.135)

Proof. We start by proving the upper bound. Using the obvious upper
bound pD(t, x, y) ≤ (4πt)−d/2 exp(−|x − y|2/4t) and Lemma 5.32 one can
easily show that

UD(x, y) ≤ c1
1

|x− y|d+2β−2 �
(

1
|x−y|2

) .

Now note that (5.131) gives

UD(x, y) ≤ c2ρ(x)ρ(y)
∫ ∞

0

t−d/2−1e−|x−y|2/6tu(t) dt .

Thus it follows from Lemma 5.32 that

UD(x, y) ≤ c3ρ(x)ρ(y)
1

|x− y|d+2β �
(

1
|x−y|2

) .

Now combining the two upper bounds obtained so far we arrive at the upper
bound in (5.135).
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In order to prove the lower bound, we first recall the following result about
slowly varying functions (see [21], p. 22, Theorem 1.5.12):

lim
λ→∞

�(tλ)
�(λ)

= 1

uniformly in t ∈ [a, b] where [a, b] ⊂ (0,∞). Together with joint continuity
of (t, λ) �→ �(tλ)/�(λ), this shows that for a given λ0 > 0 and an interval
[a, b] ⊂ (0,∞), there exists a positive constant c(a, b, λ0) such that

�(tλ)
�(λ)

≤ c(a, b, λ0) , a ≤ t ≤ b, λ ≥ λ0 . (5.136)

Now, by (5.132),

UD(x, y) ≥ c4

∫ A

0

(
ρ(x)ρ(y)

t
∧ 1
)

t−d/2 exp
(
−c|x− y|2

t

)
u(t) dt .

Assume x �= y. Let R be the diameter of D and assume that A has been
chosen so that A = R2. Then for any x, y ∈ D, ρ(x)ρ(y) < R2 = A. The
lower bound is proved by considering two separate cases:

(i) |x− y|2 < 2ρ(x)ρ(y). In this case we have

UD(x, y) ≥ c4

∫ ρ(x)ρ(y)

0

(
ρ(x)ρ(y)

t
∧ 1
)

t−d/2 exp{−c|x− y|2/t}u(t) dt

≥ c5|x− y|−d+2

∫ ∞

c|x−y|2
ρ(x)ρ(y)

sd/2−2e−su(c|x− y|2/s) ds

≥ c5|x− y|−d+2

∫ 4c

2c

sd/2−2e−su(c|x− y|2/s) ds . (5.137)

For 2c ≤ s ≤ 4c, we have that 1/4 ≤ c|x − y|2/s ≤ 1/2. Hence, by (5.133),
there exists c6 > 0 such that

u

(
c|x− y|2

s

)
≥ c6(

c|x−y|2
s

)β

�
(

s
c|x−y|2

) .

Further, since 1/|x − y|2 ≥ 1/R2 for all x, y ∈ D, we can use (5.136) to
conclude that there exists c7 > 0 such that

�
(

1
|x−y|2

)

�
(

s
c|x−y|2

) ≥ c7 , 2c ≤ s ≤ 4c , x, y ∈ D .
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It follows from (5.137), that

UD(x, y) ≥ c5|x− y|−d+2

∫ 4c

2c

sd/2−2e−s c6c7(
c|x−y|2

s

)β

�
(

1
|x−y|2

) ds

=
c4

|x− y|d+2β−2�( 1
|x−y|2 )

∫ 4c

2c

sd/2+β−2e−s ds

=
c9

|x− y|d+2β−2�( 1
|x−y|2 )

.

(ii) |x− y|2 ≥ 2ρ(x)ρ(y). In this case we have

UD(x, y) ≥ c4ρ(x)ρ(y)
∫ A

ρ(x)ρ(y)

t−d/2−1 exp{−c|x− y|2/t}u(t) dt

= c10ρ(x)ρ(y)|x− y|−d

∫ c|x−y|2
ρ(x)ρ(y)

c|x−y|2
A

sd/2−1e−su(c|x− y|2/s) ds

≥ c10ρ(x)ρ(y)|x− y|−d

∫ 2c

c

sd/2−1e−su(c|x− y|2/s) ds .

The integral above is estimated in the same way as in case (i). It follows that
there exists a positive constant c11 such that

UD(x, y) ≥ c10ρ(x)ρ(y)|x− y|−d c11

|x− y|2β�( 1
|x−y|2 )

= c12
ρ(x)ρ(y)

|x− y|d+2β�( 1
|x−y|2 )

.

Combining the two cases above we arrive at the lower bound (5.135). ��

Suppose that the subordinator S has a strictly positive drift b and d ≥ 3.
Then we can take β = 0 and � = 1 in the Assumption A, and Theorem 5.91
implies that the Green function UD of Y D is comparable to the Green func-
tion of XD. Further, if φ(λ) ∼ c0λ

α/2, as λ →∞, 0 < α < 2, then by (5.28) it
follows that the Assumption A holds true with β = 1−α/2 and � = 1. In this
way we recover a result from [146] saying that under the stated assumption,

C1

(
ρ(x)ρ(y)
|x− y|2 ∧ 1

)
1

|x− y|d−α
≤ UD(x, y) ≤ C2

(
ρ(x)ρ(y)
|x− y|2 ∧ 1

)
1

|x− y|d−α
.

The jumping function JD(x, y) of the subordinate process Y D is given by
the following formula:

JD(x, y) =
∫ ∞

0

pD(t, x, y)μ(dt) .

Suppose that μ(dt) has a decreasing density μ(t) which satisfies



176 R. Song and Z. Vondraček

Assumption B: There exist constants c0 > 0, β ∈ [1, 2] and a continuous
function � : (0,∞) → (0,∞) which is slowly varying at∞ such that such that

μ(t) ∼ c0

tβ�(1/t)
, t → 0 + . (5.138)

Then we have the following result on sharp bounds of JD(x, y). The proof is
similar to the proof of Theorem 5.91, and therefore omitted.

Theorem 5.92. Suppose that D is a bounded C1,1 domain in R
d and that

the Lévy density μ(t) of the subordinator S = (St : t ≥ 0) exists, is decreas-
ing and satisfies the Assumption B. Suppose also that there is a function
g : (0,∞) → (0,∞) such that

∫ ∞

0

td/2−2+βe−tg(t)dt < ∞

and ξ > 0 such that f�,ξ(y, t) ≤ g(t) for all y, t > 0, where f�,ξ is the function
defined before Lemma 5.32 using the � in (5.138). Then there exist positive
constants C3 ≤ C4 such that for all x, y ∈ D

C3

(
ρ(x)ρ(y)
|x− y|2 ∧ 1

)
1

|x− y|d+2β−2�( 1
|x−y|2 )

≤ JD(x, y)

≤ C4

(
ρ(x)ρ(y)
|x− y|2 ∧ 1

)
1

|x− y|d+2β−2�( 1
|x−y|2 )

. (5.139)
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Harmonic functions of subordinate killed Brownian motions, J. Funct. Anal.,
215 (2004), 399–426.
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[133] M. Riesz, Intégrales de Riemann-Liouville et potentiels. Acta Sci. Math.
Szeged, 1938.

[134] M. Ryznar, Estimates of Green function for relativistic α-stable processes,
Potential Anal. 17 (2002), 1–23.
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lain, M. Lachowicz, J. Miȩkisz, Multiscale Problems in
the Life Sciences. From Microscopic to Macroscopic.
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